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INTRODUCTION 



The original version of this book was published in 
1958. The time has now come for a new look at arith- 
metic. Many of the principles explained in detail in the 
former book still apply but, with the full introduction of 
decimalized currency and metric units of measurement, 
substantial modifications are necessary. Chapters 6 and 
7 are entirely new and all of the other chapters have been 
altered or partially rewritten to a greater or lesser extent. 
The result is virtually a new concept of arithmetic for 
the British man and woman. 

The subject is developed from its beginnings, little 
need arising for significant amendment to the text of 
the first few chapters, although many of the examples 
are entirely new. As progress is made through money 
problems, it will be found that some of the elaborate 
methods of handling £ s d currency are now omitted. 
Let us be duly thankful that they are not needed in the 
£ p system! 

Chapters 6, 11 and 13 require particular care as, from 
the point of view of manipulation, the units of measure- 
ment may not be entirely familiar to the reader. Standard 
International units form the basis of measurement 
(Ch. 6). (a) For length, we have the metre (about 39-37 
inches), its multiple, the kilometre (about § mile) and its 
submultiple, the millimetre (about 0-039 mcn ) which is 
very small, as a consequence of which we make widespread 
use of the centimetre, of which there are about 2-54 to the 
inch. (b) For weight, which should be called mass, as 
explained later, the standard is the gramme; this, being 
about 0-035 ounce, is too small for everyday life and we 
tend to utilize the kilogramme (about 2-2 lb) and the 
tonne, or metric ton, which is only 35 lb short of the former 
Imperial ton. 

Chapters 14-16, as in the earlier book, are devoted to 
Civil Arithmetic, including Income Tax, Insurance and 
Investment. It has been necessary to reconstruct the 



approach to these topics, because of the evolutionary 
changes of the past 12 years. The final chapter, devoted 
to the basic arithmetic of computers, leads directly to 
the author's Teach Yourself New Mathematics, published 
in March 1970, which is largely a continuation of higher 
arithmetic and logic needed for a simple understanding 
of our new electronic machines. 

Quite apart from the rethinking consequent on our 
new system, appreciable modifications to numerous 
questions have been necessary because of the effects 
which inflation has had upon current prices. One cannot 
write a realistic Arithmetic without carefully assessing 
the impact of this factor on our lives. The author recalls 
his study of meteorology many years ago, when it was 
pointed out to him that a weather-forecaster had been 
known to pronounce, from his synoptic chart, that there 
would be brilliant sunshine all day; the unfortunate 
officer was brought to book by a pilot standing near him, 
who enquired what all the wet stuff was, which could be 
seen through the met. office window, descending from 
heaven. In the present book we take frequent observa- 
tions from our window. 

I should like to express my appreciation to Mr. D. 
Bo wen, for his advice on Stock Exchange procedure; to 
Mr. C. Bolton, for helping to check on the acceptable 
units of measurement coming into general use; and to 
English Universities Press for their unfailing considera- 
tion during the preparation of this work. Above all, 
however, my gratitude goes to my wife, Winsome, with- 
out whose unswerving loyalty and encouragement none of 
my books would have had a chance of seeing the light of 

day ' L. C. PASCOE 

Ducie High School, 
Manchester, 1970 
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THE BIRTH OF ARITHMETIC 



1. The Origins of Arithmetic 

In early days counting was unknown and unnecessary. 
Animals were killed for food and their skins were used 
for clothing. A skin could be exchanged for an axe, and 
such a simple system of barter was adequate for the needs 
of primitive races. A shepherd tending his flock thousands 
of years ago could not have told us how many sheep he 
had. He could not have counted beyond three, but he 
would have known if one sheep were missing, for he 
thought of them as individuals not as numbers. 

Our modem arithmetic has arisen largely because we 
no longer barter goods. It would not be practical in our 
complex way of life. We have to buy and sell, so a system 
of coinage has become necessary, and with it has de- 
veloped a technique of calculation. People have come to 
live in communities, villages and towns. To provide for 
their needs it has proved necessary to estimate popula- 
tions, and quantities of food and materials needed by 

The development of arithmetic has been erratic, some- 
times advancing by bounds and sometimes making little 
progress for several centuries because of difficulties in 
counting systems. For example, the Roman numerals 
were quite easily added, but were troublesome to 
manipulate in other ways. 

2. Development of Numerals 

Long ago people learned to count up to five, largely be- 
cause there are five fingers on one hand. This gave rise to 
the seximal scale (or scale of six) in which numbers read 

o, i, 2, 3, 4, 5, io, n, 12 This system is still the basis 

of counting in some parts of the world and the illustration 
of the Oriental abacus (or counting frame) below, which 
is in the author's possession, is clearly designed for use in 



this system. Such abacuses are still in use in China and 
Japan, where they are called suan fan and soroban 
respectively. The abacus is also reputed to be still in 
widespread use in Russia. Great skill can be developed 
in the use of counting-frames, and ordinary calculations 
can be carried out as quickly as with pen and paper, 
but they hardly compete with electronic computers! 

One of the stumbling blocks to the progress of arith- 
metic was the concept of zero. Men were able to under- 




stand the symbol 3, say, representing 3 horses, 3 cab- 
bages or 3 loaves. It required more subtle thought to 
appreciate that a man who did not have a horse was the 
same as a man who owned o horses. Oddly enough, the 
author was enlightened to read in one of our national 
daily newspapers which specialises in letters from readers, 
in reply to a mother who asked whether 12 times 0 was 
equal to 0, as given in her son's exercise book, was cor- 
rect, words approximating to "Don't be a fool, woman. 
Nought times any number doesn't change it. Nought 
times twelve is twelve." The author bowed his head. He 
had always understood that when a gift of nothing was 
made twelves times the recipient did not materially 
benefit. 

Once zero was understood, great strides were made in 
the development of arithmetic. The decimal scale, 
originating in the use of all ten fingers, soon predomin- 
ated, but other scales also had their day. The Babylonians 
counted in a scale of 60. This sexagesimal scale has sur- 
vived in our measure of angle and of time. 60" = 1', 
60' = 1° and 360 0 = 1 complete rotation (angle); 60 
seconds = 1 minute, 60 minutes = 1 hour (time). Some 
tropical races used a scale of 20, because they walked 
barefoot and used fingers and toes in counting. 
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Readers who have played the game of "Mah-Jongg" will 
have seen the Chinese numerals on the set of pieces (or 
cards) called Characters. 

3. Honey, Weights and Measures 

The ancient system of barter broke down as civilisation 
developed. Suppose, for example, a cobbler makes a new 
nair of shoes for a carpenter. The carpenter offers to 
e furniture for the cobbler's home, but the 




cobbler already has as much as he needs. The carpenter 
has to find someone who will take a table in exchange for 
something the cobbler needs. He is lucky. The butcher 
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needs a table. He gives meat in exchange. The cobbler 
says he has plenty of meat. The tailor, however, 
needs it and presents the carpenter with a coat in ex- 
change. This the cobbler accepts and the transaction is 
completed. 

Now this is all very well, but the carpenter will have 
been put to considerable trouble to arrange this cycle of 
events. What can be done? 

The invention of tokens, small and easily carried and 
accepted by all as representative of potential purchasing 
power, is clearly the answer, so we find the origins of 
currency. It has taken many strange forms. Red Indians 
used "wampum", strings of beads in carefully measured 
lengths. In Cochin China, a strange "coinage" existed. 1 

(40 hoes = i earthenware jar 
7 jars = i buffalo 
6 buffaloes = I slave 

Each part of the world has naturally developed it's own 
system of weights and measures, but nowadays, with so 
much international trade existing, it might reasonably 
be expected that there would be some uniformity of 
coinage. 

This unfortunately is far from realisation. It is only 
necessary to consider for a moment the rates of exchange 
given below on 31st January 1970. 

Place 

New York I $2.40 
Montreal $2.57 
Paris 13.31 fr 

Amsterdam | 8.73 fl. 

Even where the coinage is the same (for example, U.S.A. 
and Canada), the problem is not altogether solved, for 
exchange depends on the purchasing power of money in 
the country of origin. In the above table it will be ob- 
served that $2.40 U.S. = £1 = S2.57 Canada. 
There Was no necessity however to make matters as 
1 M. E. Bowman: "Romance in Arithmetic:'. 



Value of £1 at the city 



complicated as we had in this country. A cursory in- 
spection of the tables of weights and measures of the 
former British system clearly shows the complications of 
our obsolete units. Can we really uphold a system of 
dry measure: 2 pints = I quart, 4 quarts = 1 gallon, 
2 gallons = 1 peck, 4 pecks = 1 bushel, 8 bushels = 1 
quarter? 

The following example illustrates our elaborate form 
of linear measure, now superseded by the metric system: 

12 inches = 1 foot (ft) 4 poles = 1 chain (ch) 
3 feet = 1 yard (yd) 10 chains = 1 furlong (fur) 
5|. yards = 1 pole (p) 8 furlongs = 1 mile 



4 0 0 0 0 0 1 

We began with all quantities of the right size. We then 
multiplied a quantity of less than 4 miles by 2. We 
divided the result by 2 and arrived at a total greater than 
4 miles — or so it seems! The fault lay in our curious 
system of measurement. The student will no doubt 
verify this for himself. 

Compare this with the metric system (Chapter 6). One 
standard unit exists for mass (gramme) and one for 
length (metre). Everything else is found by multiplying 
by powers of ten, e.g. 1 Attogramme = 1000 grammes, 
1 cerefo'metre = -%%o metre. 

Our money, also, was difficult to handle. How much 
easier than I2d. = is., 20s. = £1 is loop = £1, even 
although it may be argued that the new penny is too 



2 Second Penguin Problems Book. 



Addition with the ancient abacus. Problem: add 57 and 
286. (The headings stand for hundreds (H), tens (T), 
units (i.e. numbers less than 10) U.) 

(1) Put 2 pebbles in H column, 8 in T column, 6 in U 
column = 286. 

(2) Add 5 in T column and 7 in U column = 57 added. 

(3) Throw out 10 in U column, add 1 in T column. 

(4) Throw out 10 in T column, add 1 in H column. 

Answer 343 (or more probably CCCXLIII). 
Ex. 2. Muliplication used by the peasants of Russia, in- 
volving the two times table and division by 2 only. 

Multiply 27 by 73. 
The explanation is as follows. l"ut the 27 
smaller number in the first column. 13 
Divide by 2 again and again ignoring re- 6 
mainders where present, placing the result 3 
underneath each time. Put the larger num- 1 

ber in the second column. Double it again ■ 

and again, placing the result underneath 
each time. 

Strike out all numbers in the second column which come 
opposite even numbers in the first column. Add up the 

Ex. 3. We conclude with an example of multiplication 
in the 15th century. This is particularly interesting in 
that it is much simpler than our present system but there 
is a drawback in that a diagram, called a grid, has to be 
drawn before commencing battle. 



7 



Multiply 293 by 347. 




347 times 293 equals 101 671. 
Explanation, (i) Multiply each figure of the top line by 
each figure down the right-hand side, filling in the results 
as shown. 

(ii) Read off the totals diagonally downwards, starting 
by taking the units (1) in the bottom right-hand corner, 
tens 4 + 6 + 6 + 1 + 9 = 26, put down 6, carry 2 to 
next diagonal, and so on. 

Advantages. This method never requires multiplica- 
tion by more than 9. All figures are put down at once, 
and all multiplication is completed before addition takes 
place. 

Disadvantages. A careful diagram is necessary and for 
large numbers it tends to take up a considerable amount 
of room. Also the diagram changes shape from number 
to number (e.g. 3602 X 27 is 4 squares by 2 squares, 
293 X 347 (above) is 3 squares by 3 squares). 

Intelligent children of about 9 years of age have been 
shown this method and have taken some 2 minutes or 
less to master it I Adults do not require so long, one hopes! 

9 Exercise i 
1. Do some simple multiplication of two numbers using 
the methods of Ex. 2 and Ex. 3 above. Check the results 
by normal multiplication. 



ARITHMETIC— THE FOUR RULES 



1. What is Arithmetic? 

Arithmetic is the study of the numbers i, 2, 3, 4 . . . 
under various operations of which the simplest are addi- 
tion, subtraction, multiplication and division. These are 
the so-called "Four Rules". Later we shall add other 
processes and learn to apply them to everyday life. 

Speed and accuracy in simple calculations must first 
be mastered, and the student is advised to work as many 
examples as possible. 

The symbols used nowadays are Arabic in origin, this 
system being much simpler to apply than the previous 
Roman method. Imagine a multiplication sum, MDCXL 
multiplied by CCLIX! 

The word "Arithmetic" is derived from the Greek 
arilhmos, meaning number. 



lumbers we use are said to be in the scale of ten, 
when a number is multipli ed by 10 i t is placed in 
o the left, e.g. | j 5 I j I times 10 be- 



comes | 5 I 6 | 0 | . 

For example, 4365 consists of: 

4 thousands 3 hundreds 6 tens and 5 units, i.e. 
4000 and 300 and 60 and 5. 

If we were to multiply this number by 10 we would 
*ave 4 3 6 5 o, in which the 4 stands for 4 ten-thousands, 
the 3 for 3 thousands, and so on. 

Other scales are sometimes used and to these brief 
reference will be made for interest in the last chapter of, 
this book. The binary scale (or scale of two) is of great 
importance in the theory of modern electronic computing 
machines. 
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3. Tables 

It is necessary that the student should be fully con- 
versant with the multiplication tables up to the 12-times 
table, and an abbreviated form of table is given with the 
tables "of measures for completeness (page xm). 

Celerity in addition and subtraction is also of value, 
and it is recommended when adding, say, 7, 12, 5 and 8 
that instead of saying mentally "7 and 12 are 19, 19 and 

5 are 24, 24 and 8 are 32" the shorter method 7, 19, 24, 
32" be practised. 

4. The Four Rules 

(a) Addition. The symbol for addition is + (plus), 
from the Latin, meaning more; it is placed between two 
numbers to be added together. Thus, 8 + 7 means 
"eight plus seven" or "seven added to eight". We can 
use the symbol repeatedly between numbers to be added, 

6 g The symbol = means "is equal to", so from above we 
have («) 8 + 7 = 15 

(b) 8 + 4 + 9 + 12 = 33- 
We can add either in a row or in a column, but when 
the numbers are large we always use the latter method. 

Ex. 1. 17 + 5 + 123 = 145. 

The units are first added: 7 + 5 + 3 = !5: down 



Ex. 2. Add together 73, 1204 and 513. 
We have 73 



1790 



!0 ARITHMETIC 

Adding the units, 3 + 4 + 3 = 10; put down 0, carry 
1 to tens column. 

Adding the tens, 7+ o + 1 = 8, add 1 carried from 
units, giving 9. . 

Adding the hundreds, 2 + 5 = 7- Put dovm 7 - 

Thousands; Put down 1. 

Result 1790. 

Great care must be taken in working in columns, to see 
that units appear under units, tens under tens, and so on. 
The units column is the guide to the lay-out. 

Ex. 3. Jones has to undertake a business trip to 
Newcastle-upon-Tyne calling at Cambridge, Notting- 
ham, Sheffield and Leeds on the way. He starts at Lon- 
don. How far has he to go? 

From a map: 

London-Cambridge 
Oimbridge-Nottinghara 
Nottingham-Sheffield 
Sheffield-Leeds 
Leeds-Newcastle 

474 



The carrying figure from the units column is placed 
under the tens column, and then added into the tens 
column. The carrying figure from the tens column is 
placed under the hundreds column, and then added into 
the hundreds column. 

For certain purposes, where accuracy is of prime mv 
portance, the following system of checking results can 

Ex. 4. In an examination, Smith, Brown, Jones, and 
Robinson had 5 questions to answer, each carrying 20 
marks. The following table gives the results: 





Question No. 






























'Smith 


H 




18 


16 




75 






14 


3 


15 


5<> 


JoneT 


15 


17 


5 


17 


14 


68 


Robinson 




14 




13 


14 


55 




5i 


54 


28 


66 


55 


364 



Although the results shown in the last column may 
give all that is required, by adding the total marks 
gained in each question and then summing the results in 
the bottom row; and also in the last column, and seeing 
that the total (254) is the same both ways, we obtain a 
valuable check on accuracy. It is also interesting to note 
that this table shows clearly that there was some weak- 
ness in answering question 3, where a total of only 28 
marks was gained by all candidates out of a possible 80. 



1. Add together 17. 12, 6 and 8. 

2. Find the value of 3+ 7 + 19 + 5 + 8. 

3. Add (a) 124 (6) 1496 (c 



I. Six workmen, William 
Smart and Thompson 
factory according to the 



Williams £24, 22, 26, 2 
Brown /22, 2.5, 27, 2 
Andrews £25, 26, 25, 2 



Thompson ^27, 30, 26, 31 
Find how much each receives, and the total wages bi^l 
of the factory for the 4 weeks. Check your working as 



(b) Subtraction. The symbol for subtraction is — 
(minus), from the Latin, meaning less; it is placed be- 
tween two numbers, when the second is to be taken 
away from the first. For example, 12 — 9 means "twelve 
minus nine" or "nine taken away from twelve"; we get 
12 - 9 = 3. 

Ex. 5. 147 - 59 = 88. 

Here we cannot take 9 from 7, so we borrow from the 
tens column and read as follows: 17 take 9 gives 8, put 
down; add back 1 to the 5 to be taken away, to make up 
for the 1 borrowed. Read 14 take 6 gives 8", and put this 
in the tens column of the answer. 

Ex. 6. In a mixed school of 1,847 children, there are 
792 girls. How many boys are there? 

i8'47 
7192 



By putting 1 borrowed from hundreds column next to 
the 4, making 14 tens and repaying it by putting it 
under the 7 in the hundreds column, we proceed as 
follows. 

7 take 2 gives 5 | 

14 take 9 gives 5 „ Resu lt 1055 

8 take (7 + 1) 
1 take o gives 

We can use + and — signs in the same line, indicating 
amounts added and subtracted. 

Ex. 7. Williams had 54 Savings Certificates. He bought 
12 more but later sold 30 of them to pay for a new radio. 
How many had he left? 

54 + 12 - 30 = 66 - 30 
= 36 

(i) We add the numbers to be added first. 

(ii) We add the numbers to be taken away. (In the 
above example there was only one such number.) 

(iii) We take the second result from the first result. 
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Ex. 8. 43 + 8 - 24 - 16 = 51 - 40 

Ex. 9. In an election there were 3 candidates, Messrs. 
Green,Jones and Black. Mr. Green secured 12 542 votes, 
Mr. Jones had 8577 votes. If the total number of votes 
cast was 31 790 how many people voted for Mr. Black? 

In this problem it is better to work as follows because 
of the large numbers. 

12 542 (+) 31 790 (-) 

8 577 21 119 

21119 10 671 

Mr. Black secured 10 671 votes. 
Here we have added the total of votes not cast for Mr. 
Black, and subtracted the result from all the votes cast. 

4 Exercise 2 
1. Subtract (a) 41 from 57 (6) 38 from 83. 
8. Find the value of (a) 271 - r 4 i (6) 328 - 279. 

3. A school has 54 boys under 12, 57 under 13 but over 12, 
62 under 14 but over 13,. 53 under i 5 but over 14, and 
60 under 16 but over 15. Altogether there are 352 boys 
in the school. How many are over 16? 

4. Fill in the blanks with + or — in the right places. 

(a) 8 4 17 = 29 
lb) 25. , 8 j = 20 
(c) 36 15 24-27 



(c) Multiplication. When we have a number added to 
itself several times, we shorten the process considerably 
by multiplication. If seven rows of strawberry plants are 
laid out in a garden with 12 plants in each row, we could 
either add: 

12 + 12 + 12 4- 12 + 12 + 12 + 12 = 84 (7 lots of 12) 

7 + 7 + 7 + 7 + 7 + 7 + 7 + 7 + 7 + 7 + 7 + 7 = 84 
(12 lots of 7). 
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The working is greatly reduced by writing either 
7 X 12 = 84 or 12 X 7 = 84, and reading as "seven 
times twelve equals eighty-four" or "twelve times seven 
equals eighty-four". The symbol x means "multiplied 
by" or "times". 

A set of multiplication tables is given on page xiii, as 
mentioned earlier, and these should be rr ' ' 



n be placed under the correct 



i; put down 4, carry 8. 

y, add 8, making 32, put down 2, carry 3. 

>; add 3, making 99, put down 99. 



multiply b; 



Ex. 11. Multiply 742 by 397. 

We can think of it as 742 x 7 added to 742 x 90 
added to 742 X 300. Now multiplying by 10 is achieved 
by adding a nought to the number. 

.-. 742 X 90 = 7420 X 9; 742 X 300 = 74200 X 3. 



(= 742 X 
(= 7420 X 
(=74200 



We do not actually write the noughts indicated but 
move the figures along one place to the left, so that 
units become tens and so on in line (i) above; we move 
the figures two places to the left in line (ii) above, so that 
the units become hundreds. 

•Exercise 3 

1. Multiply (a) 17 by 5 (6) 23 by 7 (c) 168 by 9 
(d) 214 by 11. 

2. Find the value of (a) 34 X 12 (6) 4*7 X 6 (c) 
3925 X 8 (d) 9579 X 12. 

8. Evaluate (a) 317 X 16 (6) 624 X 19 («) 5*9 X 73 
(d) 8912 X 106. 

4. Find the value of 23 X 7 X 9 X 4. 

[Hint. 23 X 7 X 9 X 4 = 161 X 9 X 4, and so On.] 

5. Evaluate 3401 X 17 X 5- 

(d) Division. Division is the process of sharing. The 
sign for division is -f-; for example, 12-^3 means 
"twelve divided by three" or "if twelve were divided 
into three equal groups, how many would there be in 
each group". 

Ex. 12. 132 12 = 11 (because 12 lots of n make 
132). 

Ex. 13. Divide 4988 by 4. 
We proceed as follows: 

4)4988 
1247 

The steps are 4 into 4 divides 1, put down 1; 4 into 9 
divides 2, put down, and carry 1 to next column; 1 
hundred + 8 tens = 18 tens (i.e. we place the 1 in front 
of the 8); 4 into 18 divides 4, put down, and carry 2 to 

divides 7, put down. Result 1247. 
This process is called short division. 
When the number by which we divide (called the 



divisor) is greater than twelve we usually resort to long 
division, shown below. 
Ex. 14. Find the value of 1161 4- 43. 



The number by which we divide (43 in this case) is the 
divisor. 

The number into which we divide (1 161 ) is the dividend. 

The number obtained (27) is the quotient. 

The process is as follows: 43 will not divide into 1 or 
II but it will go into 1 16. We try the largest number of 
times it will go, i.e 2. Put this in the quotient space and 
write the result of 43 x 2, i.e. 86, under the 116 and 
subtract. We get 3 (hundreds) o (tens). Bring down the 
1 (unit), giving 301, 43 goes into 301 seven times exactly. 
Enter 7 in the quotient next to the 2, obtaining 27. 

It often happens that division cannot be carried out 
exactly. 

Ex. 15. A car runs 13 kilometres on 1 litre of petrol. 
How many litres arc needed for a journey of 387 kilo- 

29 



127 
117 

io<- Remainder 
The result is 29, remainder 10, i.e. 2o.i§. 
Here we see that 29 litres are needed, plus 10 parts 
out of 13 parts (i.e. nearly 30 litres). 



In order to allow for petrol wastage in traffic queues 
and other hazards, the wise motorist would probably 
allow himself 35 litres. 

Another method of division for many numbers greater 
than 12 is shown in the chapter on Factors. 

A little thought will show that the above examples are 
based on the principle 

Dividend = Divisor x Quotient + Remainder. 
(The multiplication sign applies only to the quantity 
on either side of it, not to the Remainder.) 

Ex. 16. What number when divided by 7 gives a 
quotient of 9 and a remainder 4? 

Dividend = 7 X 9 + 4 
= 63 + 4 
= 67. 

9 Exercise 4 

1. Divide (a) 3177 by 9 (b) 2706 b y 11 ( c ) 2 9 8 554 by 37- 

2. Express 37 206 inches in metres (take 1 metre as 
approximately 39 in). 

3. 1102 people attend a lecture and are seated on chairs 29 

4. What is the smallest number above 2554 which is 
exactly divisible by 7? 

5. The circumference of a bicycle wheel is 208 cm. How 
many times will it rotate in travelling 100 metres? 

S. Brackets and Miscellaneous Signs 

Brackets are used when a group of numbers is to be 
treated as a single number. 



f 5) = 3 X 9 
= 27. 



s. 18. 42 - (17 + 3) = 



the innermost bracket is evaluated first. 



X (5 - 2) = 6 x 
= 42- 
= 80. 

K (8 - 5)} = 63 - 
= 63- 
= 63- 
= 50. 





B 


Brackets 




0 


Of 


3 


D 


Division 


4 


M 


Multiplication 


5 


A 


Addition 


6 


S 


Subtraction 



This gives the order in 
which the working 
must be done, starting 
with 1 (Brackets). 
"Of" means "multi- 
ply", but is not often 
used, e.g. 5 of 7 = 35. 



1. Deal with inside of Brackets. 

2. Work out Of (if any). 

3. Work out Division. 

4. Work out Multiplication. 

5 and 6. Work out Addition and Subtraction as pre- 
viously explained. 
Ex. 81. Simplify 3 of (12 - 7) 4- 56 4- (9 - 5)- 
The expression = 3 of 5 4- 56 4- 4 RuIe 1 
= 15 4- 56 4- 4 Rule 2 
= 15 4- 14 RuIe 3 

= 29. Rule 5 

fExKRcrsE 5 



S. Subtract (a) 147 from 308 (6) 49 from 2116. 

4. Find the value of (a) 627 - 239 (b) 4006 - 1879. 

5. Add 243, 1629, 17 and 405, and subtract 298 from the 

6. Find the Value of 2971 + 3046 — 2188. 
(6) 46 by 17 
(rf) 251 by 367. 

8. Find the value of (») 1247 X 8 (b) 304 x 73 

(c) 295 x 174 (d) 3528 x 208. 

9. Find the value of (a) 108-H 9 (&) 259 -H 7 

(c) 1465 -r 5 (A) 25073 + 6. 

10. Divide (a) 2148 by 43 (b) 2242 by 59 

(c) 3207 by 88 (d) 20 173 by 133. 

11. Simplify (a) 61 + (23 - 15) x 2 

(b) 30 - (17 + 4) 4- 3 

(c) 4 + 2 X {3 + 4 X (8 _ 3) - 6} 

(d) 3 of (5 + 2) - 2 x (3 + 7) H- 5- 

12. Simplify (a) 6 - 12 4- 4 + 3 X 8 

(6) 73 - {65 X 2 - fi 4 X 5 - 8)}. 

13. A book has 195 pages. There are about 284 words on 
each page. How many words are there in the book? 

in 1603. How long did she reign? 

15. A train consists of an engine of mass 95 metric tons; a 
tender of mass 40 metric tons ,and 12 carriages each 
of mass 32 metric tons. What is the total mass of the 

16. 1 

17. How many screws are there in 16 boxes each containing 

18. George Orwell has written a book called "1984". How 
many hours will there be in that year? 

19. Smith earns £23 a week. How much does he get in a 
year (taken to be 52 weeks)? 



in a journey of 760 kilometres across 
ravelling for 17 hours at an average 
letres per hour, how much farther has it 



(cj not divisible by either 2 c 
motorist pays ^48 a year for tax and in 
r. Kepairs cost him £60 a year. He ave 



netres. If petrol cc 
eeks), allowing £i 



CHAPTER THREE 



FACTORS 



1. Factors 

Consider 12 = 3 X 4. 3 and 4 are said to be factors of 
12. 12 is also equal to 6 X 2 and to 1 x 12, so all the 
numbers, 1, 2, 3, 4, 6, 12 are factors of 12. 12 is said to 
be a multiple of 3, and of 6, and in fact of any of these 
numbers. We are thus led to the definition of factor. 

A number x is a factor of another number y, if x 
divides exactly into y (or if y is a multiple of x). 

Many numbers have no factors other than themselves 
and unity (i.e. one), e.g. 7 = 1 X 7, but 7 has no other 
factors; 13 possesses only factors I and 13. These num- 
bers are called prime numbers. The simplest ones are 1, 

2, 3, 5, 7. !3, 17. 19. 23. 29- ■ • ■ A ^ 

For generations attempts have been made to obtain a 
formula to give prime numbers only, but they have all 
failed. The method below, known as the "Sieve of 
Eratosthenes" will enmesh all numbers up to the largest 
written down. 



Strike out all multiples 
of 2. 

Then all multiples of 3 
left. 

Then all multiples of 5 
left: 

Then all multiples of 7 
left (there are none 
left in this diagram) 
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7 




9 








13 


14 
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18 


19 








23 


24 


25 


26 


2? 


28 


29 


38 


31 


32 


33 


34 


3S 


36 


37 


38 


39 


4Q 




etc 



The numbers 2, 3, 5, 7 are not themselves deleted. The 
numbers remaining are the prime numbers. 



2. Tests for Factors 

The following tests are very useful and are worth 
memorising: 

(1) A number is divisible by 2, if the last figure is even 
(e.g. 1658). 

(2) A number is divisible by 3, if the sum of the figures 
is divisible by 3 (e.g. 4251 is divisible by^ 3, because 
4 + 2 + 5 + 1 = 12, which is divisible by 3). 

(3) A number is divisible by 4, if the number formed 
by the last 2 figures is divisible by 4 (e.g. 30 528 is divisible 
by 4, because 28 is divisible by 4). 

(4) A number is divisible by 5, if it ends in o or 5 (e.g. 
20 730 and 1945 are both divisible by 5). 

(5) A number is divisible by 6 if it satisfies (1) and (2) 
above (e.g. 21 354 is divisible by 2 and by 3, therefore by 
2X3 = 6). 

(6) A number is divisible by 8 if the last three figures 
arc divisible by 8 (e.g. 217 584 is divisible by 8, because 
584 is divisible by 8). 

(7) A number is divisible by 9, if the. sum of the figures 
is divisible by 9 (e.g. 8352 is divisible by 9, because 
8 + 3 + 5 + 2 = 18 is divisible by 9). 

(8) A number is divisible by 10, 100, 1000, ... if it 
ends in 0, 00, 000 . . . (e.g. 7920 is divisible by 10; 304 000 
is divisible by 1000). 

Tests (1), (3) and (6) above are similar in nature. 

Tests (2) and (7) are related; also test (4) can be 
associated with test (8). 

Tests exist for some other factors, but they are more 
complicated and would be out of place here. 3 

3. Prime Factors 

We have seen that 12 = 4 X 3- Now 3. is a prime 
number but 4 is not, but 4 = 2x2, and 2 is prime. 

.'. 12 = 2 X 2 X 3, and the number 12 is said to be 
expressed in its prime factors. They are written in 
ascending order of magnitude. 

3 One such test is based on the fact that 7 X 11 X 13 = 1001. 
The test is given in detail in New Mathematics. Teach Yourself 
Books, by the present author, on pp. 83-84. 
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Ex. 1. Express 2565 in prime factors. 
2565 = 5 X 513 = 5X9X57 

= 5x9x3x19 (using the tests above) 
= 3x8x3x5x19. 

4. Indices 

The writing of prime factors is considerably reduced if 
indices are used. 

In 2 X 2 X 2 = 2 3 , 3 is the index. It means that 2 is 
written down three times and the results are multiplied 
together. For example, 4 5 = 4x4x4x4x4; 
5* = 5x5x5x5. Notice that these are not the 
same number. 

Ex. 2. 2565 = 3x3x3x5x19 from Ex. 1 above 



It is usual to give the answer with factors arranged in 
ascending order of magnitude. 

5. Division by Factors 

In Chapter One we made reference to a method which 
can be used quite often for division by a number greater 
than 12. This applies when the divisor can be put into 
factors which are less than or equal to 12. We do not 
necessarily resolve into prime factors in this case, as this 
may lead to unnecessary working. 

Examples of such divisors are 18 = 9 X 2, 49 = 7 X 7, 
154 = 2 X 7 X n. 

Ex. 4. Find the value of 1449 -i- 63. 

63 = 7 X 9 7)1449 

q) 207 Result 23. 



We divide by one factor, say, 7 as above. Divide the 
quotient 207 by the other factor 9. 



Ex. 5. Divide 1415 by 63. 

63 = 7 X 9 as before 7) I 4 I 5 

9 ) 202 remainder 1 
22 remainder 4 

.-. 1415 H- 63 = 22, remainder 29 (or 22H). The 
remainder is not obvious. 

The second remainder 4 was found after dividing by 7. 

.\ The total remainder was 4 X 7 + 1 = 29, on adding 
in the first remainder. 

The method of division by factors is often used in 
monetary calculations, as will appear later. 

• Exf.rcise 1 

1. Using the tests for factors find which of the numbers 

(a) 418 (6)318 (0) 5010 (d) 30060 (e) 1 IQ45- 

2. Using the tests for factors find which of the following 
numbers axe divisible by both 8 and 9: 

(a) 3672 (6) 20592 (c) 7956. 

3. Resolve into prime factors without indices: 

(o) 18 (6) 60 (e) 924 (d) 3003. 

4. Resolve into prime factors using indices: 

(a) 48 (6) 44i W 5808 (d) 21 560. 

5. Find, using division by factors, the value of: 

(a) 1505 -r 35 (6) 6816 -r 96 

(c) 2709 H- 77 (d) 9148 H- 27. 

6. Highest Common Factor (H.C.F.) 

A common factor of two (or more) numbers is a factor 
which occurs in both of them (or all of them). 

The highest common factor of a group of numbers is 
the largest number which will divide into all of them. 
The H.C.F. of 6 and 9 is 3, because 6 = 2x3, ^ 9 = 
3x3, and each contains a 3. 

Consider I 6o = 2X2X1XS 



FACTORS 25 

All these numbers have common factors 3 and 5 but no 
Therefore their H.C.F. is 3 x 5 = 15. 
Ex. 6. Find the H.C.F. of 90 and 126. 

90 = 2X3X3X5 
126 = 2 x 3 X 3 X 7 
.-. H.C.F. = 2 X 3 X 3 = 18- (The common factor 3 

1. Lowest Common Multiple (L.C.M.) 

The L.C.M. of two or more numbers is the smallest 
number into which they will divide exactly. To put it 
another way, the L.C.M. of a set of numbers is the smallest 
number which contains each member of the set as a factor. 

Finding the L.C.M. of a set of numbers is very impor- 
tant when simplifying fractions. (See Chapter 4.) 

Consider 42 = 2x3x7 =2x3x7 
24 = 2x2x2x3 = 2* X3 

2, 2 2 , 2 3 will all divide into 2 3 but will not all divide 
into any smaller number exactly; also 3 and 7 will divide 
into 3 x 7, so the L.C.M. of this set of numbers 24, 28, 



The diagram illustrates the necessity for all the factors 
2x2x2x3x7- 

1. Find the H.C.F. of the following sets of numbers: 
(a) 42 and 63 (b) 48, 64 and 88 

(c) 132, 154 and 242 (d) 72. 108 and 792. 
8. Find the L.C.M. of the following: 

{a) 8, 12 (b) 3, 4, 8 (c) 12, 27, 36 

(d) 55, 88, 121 (e) 4, 5. 6, 10 {f) 84, 63, 42. 36 
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3. Find the smallest number into which 30, 40 and 66 
divide exactly. 

.4. What is the smallest sum of money which can be 
counted out into exact multiples of 25P, 3op and 40P? 

5. Square tiles are to be used to cover a wall 12 m long 
to a height of 175 cm exactly. What is the largest 
possible size of tile? Find how many tiles are needed. 
(See Chapter 1 1 on areas. Also note that 100 cm = 1 m.) 

6. Three bells are rung at intervals of 6, 8 and 9 seconds 
respectively. If they start together, how long is it be- 
fore they are again ringing together? 

7. A set of counters is required for a game in which any 
number of players up to ten may take part. What is the 
smallest number of counters required, if all the counters 

8. How many numbers between 1 and 1000 contain all 
the numbers 2, 3, 4, 5, 6 as factors? 



FRACTIONS 



1. The Idea of a Fraction 

So far the work in this book has been confined to 
whole numbers, or integers, as they are called. We now 
consider how to deal with parts of whole quantities, 
called fractions. 

Suppose we buy wine in a half-litre or in a quarter-litre 
bottle. The quantities can be written as i 1 or as \ 1 
respectively, indicating that they are one-half (J) and 
one-quarter (J) of a litre. The top, called the numerator, 
tells us how many parts we are taking. The bottom, called 
the denominator, tells us how many parts would make a 
whole one. 




Fig. i. Fig. 2. Fig. 3. 



In fig. 1 we see that J + i + 1 + 1 = 1 (4 quarters) 
= 1 (whole). 

Quantities like J, f , T2 are called vulgar (or common) 
fractions. The quantity f means we are taking 2 parts 
out of 5 parts of a quantity. Consider fig. 2. Suppose it 
is a cake divided into six equal parts as shown. Each 
part is i of the whole cake. The shaded area is | of the 

Also 

I + 5 _ 1 + 5 _ § _ ( w jj 0 i e ,-ajje fa this case). 
6 + 6 6 6 v 

What happens if the numerator and denominator have 
a common factor? 



In fig. 3 we have divided our cake again into 6 parts 
but have now taken 2 of them (shaded). Suppose, how- 
ever, we had divided our cake into 3 parts, as indicated 
by the heavier lines in fig. 3, we would have had the same 
shaded area as J of our cake. .\ t = h This leads us to 
conjecture that we can cancel out common factors in 
numerator and denominator, e.g. 



- (on dividing out top and bottom by 4). 



The faction is then said to be "in its lowest terms". 
We can reverse the idea and say, for example, that 
J = t = t = .... 

2. Definition oS a Fraction 

A fraction is defined as the quotient (i.e. the ratio) of 
two quantities. 

, . Numerator 

Fraction = — : — — . 

Denominator 

A fraction like f (written in words "six-sevenths"), in 
which the numerator is smaller than the denominator, is 
called a proper fraction. One like }f , in which the numer- 
ator is greater than the denominator, is called an im- 
proper fraction. The latter can always be reduced to a 
whole number and a proper fraction, known as a mixed 



Consider fig. 4 which illustrates part of a 25 cm rule, 
measured in centimetres. The lengths shown are 12 cm 
and 17 cm. We can say the shorter length is if of the 



longer length or the longer is of the shorter, i.e. the 



We do not, in practice, write down all these steps. For 
example, - 6 a = 4! is written down at once, for 23 -f- 5 = 
4 + remainder 3 (that is four and three-fifths). 

3. Fractions of Standard Quantities 

In section 1 above we saw that we could multiply the 
top and bottom of a fraction by the same number with- 
out altering the result; for example 



The reason is that f = 1, so we have multiplied only 
by 1. We extend the idea below, and the method is im- 
portant. It will be used, for example, when working long 
multiplication by practice. 

Ex. 1. Find the value of \ of £1. 2Q 



Ex. 2. Find the value of § of 1 kg. 

We have 1 kg = 1000 g 
.-. § x 1000 g = 3 x 125 g 
= 3?5g. 

Ex. 3. What fraction is 4 m 75 cm of 7 m 25 cm? 
We have 1 m = 100 cm 

95 

. 15L75_EE = = 42S = 1? 
■• 7 m 25 cm 725 cm 725 29" 

145 

Ex. 4. What fraction is 7^p of £1? 

3 

7iP _ 2 x 7\y _ I5P _ i5P = *5 _ 3 

£l 2 X £l £2 200p 288 40' 




= 1 + A = iA of the shorter. 



f = txi = H. 




Ex. 5. What fraction is I5h 45 min of 1 day? 
15 h 45 min = i^fh = 63 h = 21 
1 day 24 h 24 x 4 h 82' 

It will be noticed in examples 3 to 5 that the f: 
may not be worked out until the same units are u 
and bottom. 

£ Exercise i* 
Find the value of: 
1. Jrds of 1 day 2. Four-fifths of 1 h 

3. I X 1 litre 4. A of 2 min 

5. f of 8 min 6. i X £1 



11. 3 days 21 h 20 min is of 1 week. 

4. Addition and Subtraction of Fractions 

When two fractions have the same denominator, 
addition or subtraction is simple. For example, i + 5 = I • 

What happens, however, when we wish to handle 
fractions with different denominators? Suppose we wish 
to find § — \. We find the L.C.M. of the denominator 
(see Chapter 2), in this case 12, and express the fractions 
in terms of denominator 12. 

! = *; 1 = A 



The illustration makes the process clear. 

4 The quantities used here all appear in the tables of money 



Ex. 6. Simplify f + i - f . 
L.C.M. of d 



^The explanation is as follows: 



i = _5 . . 5 _ 5 X 5 ^ 25. 
6 30 " " 6 30 30' 



or sxmply - + - - 3 = - • ) 

The student should endeavour to work this part of the 
question mentally as soon as possible, but for the first 
few examples it is easier and safer to put in the extra 
step indicated at the end of the bracket. 

Ex. 7. Simplify 4| — ij. 

4l - A = (4 - 1) + (I - 1) 
= 3 + ^~ = 3A- 

Note that in addition and subtraction we deal with 
whole numbers separately. 

Ex. 8. Simplify 3l - 

a-4-<3-iH- 6 <»-» {Tomake the 

= 2 + — T - fractional part posi- 

1 tive we borrow 1, 

= T + 10 + 5 ~ 6 i. e . H, from the 

10 whole number.) 

= 1*. 
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Ex. 9. Simplify 4 - aj + j. 
4i - 2l + f = 4i - 2i 4- i 3 l 

= ( 4 - 2 + i) + (.* - t rK» 

= 3 + (4 - .1 + 1) 

= 5 -;24 4-io 15^*4 
3+ 30 J ^ 30 

_ 2 + 30 + ^5-24 = 2| j = 

Ex. 10. Mary was offered the option of J or H of a 
prize of 15s. Which is better? 

This kind of problem leads to placing fractions in order 
of magnitude. 

L.C.M. of 9 and 20 is 180. 

.-. I = . m; H - Hi 

:. His the bigger amount and is the one Mary should 
Choose. (Note that the size of the prize does not matter 
here.) 

#Exbkcise 2 

Simplify: 

1.1 + i 2. S-i 3. 3i + t *• H-'f 

5. 2j - i 6. 3* + ai 7. A i - *f 8. f J - H 
9. 2j + if - 3i 10- A - A + A 

11. i + i + l+ t + A + A 12. 74 - 3A - 2|- 

5. Multiplication of Fractions 

When two or more fractions are multiplied together, 
we may cancel out factors which appear one in the 
numerator and one in the denominator. 

For example ?x? = ? X? = ^ 
F 3 4 3 4 2 

because the 3's are common, and 2 is also a common 



To understand this properly it is necessary t< 
sider the process in two stages: ^ 

(i) i x i = i of i = A = 1; a ±±= 

(ii) txf = 2 0f(lxl) = ax J t 



(from (i)) 

= I- + i = ! = i- 

Fig. 6 shows 12 squares, laid out 3 
by 4. If we take f of the columns 
X I of the rows we get 6 squares, 
i.e. I of the area. 

When numerators and denominators do 
may simplify as follows: 



7 5.7X5 
We may also use both ideas, a 



When whole number parts appear in multiplication of 
fractions (i.e. mixed numbers occur) the mixed numbers 
must first be converted to improper fractions before 
simplification can take place. This also applies to division. 

Ex. 18. Simplify 2j X 5i- 

3 4 

2 J x 5i = 9 x J§ = » = 12. 

( 2 J = t + l = S; 5i = ¥ + i = 1 » a ) 



Ex. 13. Simplify ii X 2| x -{,. 

Ex. 14. Find the value of (§) 3 X 67 Jp. 
We have already seen that the index 3 to a number 
means that it occurs 3 times. 

:.(W x6 7 ip = f xf xfx^Fp 




= 20p. 



6. Division of Fractions 

Consider f f . It is not obvious what this means. We 
could, however, write the quantity as follows: 
. . ' j. _ f *- numerator 
' ' 6 — I <- denominator 
Now if we multiply top and bottom by the same 
amount we do not change the quantity. 

. f _ ? X 5 X 7 .. 3 X 5 _ 3 X5 = 3 x 5 
' - I 5x5x7 2x7 7X2 7 2 
We know how to work out the final result (from para- 
graph 5 above), but the interest lies in the facts that we 
have inverted the second expression and multiplied by it in 
our steps of reasoning. This leads to the following rule. 

When dividing by a fraction, invert it and multiply 
by the result, 

e.g. ! - A = 1 x V; ♦ 4- 3 = ♦ X I; A -r i = -A- x 4. 

Note that dividing by 3 is the same as multiplying by J, 
for the reciprocal (i.e. inverted form of f is J). Similarly 
the reciprocal of \ is }, i.e. 4. 



c. 15. Simplify A -r 



Ex. 16. Simplify 2\ ~ i{. 

3 

Ex. 17. Find the value of 2} X 3§ + if 

^X3i^ = fx^¥ = |xf > 

- V = 5 *- 

• Exercise 3 

Simplify: 

1. i x | 2. § X if 3. i| x 2! 4. (|) 2 
5. 2\ x 31 x 4 i 6. (!) 2 x 12J 7. (f) 3 X (5 
8. i + $ 9. 1 4- I 10. 2 4- 1$ 11. i -M 
12. 2* -f 2A 13. 3 x I + 3i 14. if X 3 t H- 



7. Mixed Signs 

In simplifying fractions in which brackets and other 
signs occur we merely apply the mnemonic BOD MAS 
given in Chapter 2. 

Ex. 18. Evaluate £ 4- J - rj. 

J J . _ 1 J = £ x 3 - 1 J before Subtracting) 

= |-ii = i*-ij 




Care is needed in applying the rules to these mixed 
cases and, although short cuts arc often possible, they are 
not advised until experience is gained. 



Ex. 19. Simplify 2} x i| — § 4- iA- 
4 X ii - I - iA = I X i - f - H (Improper 
Fractions) 



■= ¥ - H (Multiplication) 



Ex. 20. Simplify 4- (2f x 

Here the bracket has complete priority. 

*txxA = fx§ = ¥ 

.-. ii - (2} x 1 A) = i 3 | 4- ¥ = I 4- ¥ 

Ex. 21. Simplify ' • 

First simplify numerator and denominator as far as 
possible. 

Numerator = 3i + i X I = 3l + I = 3l- 
Denominator = 2-f — ij = I + 5 — J = — — — 

/. Expression - 3 1 H- f § = ? | X f? = ¥ 
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0 Exercise 4 
Simplify the folio. ving expressions: 
1. t+f X if 
3. (2i - 4) + (3i + 1*) 
5. I X (3i - 2f) + i 
8. Problems 

We shall complete the chapter with a few applica- 
tions to problems. 

Ex. 22. Williams, Brown and Higginbottom share a 
prize of £r20. Williams is entitled to one-third of it and 
Brown gets three-eigths of it. How much money can 
Higginbottom expect to receive? 

Brown and Williams have § + i of the money 

.-. Higginbottom will have 1 — (f -f i) of it. 




.". Higginbottom gets A of £120 
5 

= x = £35. 



Ex. 23. Roberts died and left two-thirds of his estate 
to his wife; three-quarters of the remainder was willed to 
his son. If his niece was entitled to the residue, how much 
did she receive if the estate was valued at £2400? 

The wife received | of the estate, so £ remained. 

The son received J of this remainder, i.e. f of i = 

i of the estate. 
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Between them they had f + J = H of the estate. 
/. The niece received what was left, i.e. tV. 
:. The niece had h of £2400 = «200. 

% Exercise 5 

1. Express 4 6Jp as a fraction of 77ip in lowest terms. 

2. Two-fifths of a sum of money is /2400. How much is 
three-quarters of it? 

3. Brown sold his car for three-fifths of the cost price and 
finds that in doing so he has lost ^250. For how much 
did he sell the car? 

4. The formula for the focal length of a lens is - + - = j. 
Find / if u = 27 cm, v = 30 cm. 

5. A contractor employs 119 men to build a factory After 
44 days two-thirds of the building is completed. He 
then employs 35 more men. How long will it take to 
complete the work? 

6. Robinson cycles 2 kilometres to the station. He takes a 
train for two-thirds of his journey and a bus for the 
remaining quarter. How long was his complete journey? 



CHAPTER FIVE 



DECIMALS 



1. Introduction 

We have scon that fractions consist of quantities like 
|, /a and {, and that they arc cumbersome to handle, 
because simplification entails bringing them to the same 
denominator or some other fairly elaborate manipula- 
tion. A simpler process, involving uniform denominators, 
is clearly often desirable. 

The system of numbers we use is the decimal scale (i.e. 
scale of 10). The numhers read 1, 10, ioo, iooo and so on. 
This suggests an extension 

-<- 1000, 100, 10, T, Y6> Too> TbVo ~*" 
so that the terms on the left of I arc obtained by suc- 
cessive multiplication by ten, and those on the right by 
successive division by ten. We can, if we wish, rewrite the 
sequence above as 

<- io 3 , io 2 , 10, I, -f5, -Ax TS'->- 
that is, as powers of ten. The fractions on the right all 
have powers of ten as denominators. They are called 
decimals, so a decimal is defined as a fraction whose 
denominator is some power of ten. 

We greatly simplify working with decimals by adopt- 
ing the following notation: 

(i tenth) - f V = o-i; (i hundredth) xfo = o-oi; 
(3 hundredths) ,-Jo = 0-03; 
(17 thousandths) iJso = 0-017. 
Ex. 1. Express the following as decimals: 
(«)4+.!« (*)20 + 8 + A 

(c) 3 x io 4 + 2 x 10 2 + 4 X 10 (d) A + tSo 
(e) 74905 + to 00 (/) rtoo- 

The results have been laid out in tabular form so as to 
illustrate clearly the various points to bear in mind. It is 
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30 2 0 65 
74 905-087 
0-003 
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r. We put in noughts to fill gaps in the results. 

2. In (c) above, the number was written in powers of 
ten to show that it can be dealt with as a decimal. 

3. Note that in (e) yfc is the same as 

Toolf + To'oo = 1S0 + T?W 

4. In (d) and (/) where there is no whole number in 
front of the decimal point, we put in a 0. 

5. Figures in the tenths, hundredths, thousandths etc 
column are called figures in the first, second, third etc. 
decimal place. 

2. Addition and Subtraction 

We use the decimal point as our guide in putting down 
numbers to be added or subtracted in columns. 

Ex. 2. Add together 72-95, 2-0604, 319-5. 2°4- 
72-95 ^ 

319-5 



5985104 



The canying figures are taken from column to column 
in the ordinary way (as in Chapter l). The presence of the 
decimal point does not affect the procedure. 
Ex. 3. Subtract 4-0805 from 9-1. 

9-iooo 
4-0805 



Here, unlike addition, it is best to put in the missing 

«Exkrcisf. 1 
1. Express the following as decimals: 

(a) 2 + A (1>) 6 + tU (c) 30 + 7 + A + rh> 
{d) A + tU M rh if) ttoo 

(g) 80 r 5 + + ToVu- 
2 Write out the following decimals as the sum of decimal 
" fractions (e.g. 2-04 - 2 + rio): 
(a) 6-8 {b) T4-<)2 W 2 °7-°4 

(d) o-6 (e) 0-094 (/) iooo-ooi. 

3. Add together: 

(a) 26-48, 3-9, 0-882 

(6) 300-7, 0-006, 29-908 

(c) 217-85, 86-57, 1709-08 

(<l) 2-0064, 693-907, 0-087, 774-8. 

4. Subtract: 

(a) 38-7 from 62-4 (b) 3'95 from 17-7 

(c) 0-927 from 10 (d) 904-767 horn I 202-682 5 . 

3. Multiplication and Division— Introduction 

Multiplying by 10 merely necessitates moving the 
decimal point one place to the right. 
E.g. 4-37 X 10 = 43-7 (because [4 + A + Too] x 1° 
= 40 + 3-1 A = 437)- 
Dividing by 10 is carried out by moving the decimal 
point one place to the left. 
E.g. 9-2 4- 10 = 0-92 (because [9 + A] 4- 10 

= A- + 105 = 0-92). 



This rule can be generalised as follows: 

To multiply by 10, 100, iooo etc., move the decimal 
point I, 2, 3 etc. places to the right. 

To divide by 10, 100, iooo etc., move the decimal 
point, I, 2, 3 etc. places to the left. 

E.g. 62-5 X 1000 = 62 goo 
62-5 -r- iooo = 0-0625. 

Multiplication and division in general are carried out 
in much the same way as with ordinary numbers in 
Chapter 1. Care must be taken to see that the decimal 
point is kept in the correct position. 

This is easily effected by noting the total number of 
decimal places present and putting the decimal point in 
front of them. 

Consider 0-035 X 3. 
We have 35 x 3 = I0 5 

i.e. 0-035 X 3 = 0-105 (as there are 3 decimal places). 

We can check this as follows: 

0-035 X 3 = tUh X 3 = iW-o = 0-105. 

Ex. 4. 0-7x3 = 2-1 to-7 x 3 = A x 3 = U = 2-1]. 

Ex. 5. 21-6 x 7 = 151-2. 

Ex. 6. 0-0984 x 6 = 0-5904. 

Ex. 7. 0-0042 x 5 = 0-0210 = 0-081. 

Although we get 0-0210, eventually the final zero is not 
put down as it does not affect the value of the answer. 

4. Multiplication 

When decimals appear in both the multiplicand and 
the multiplier: 

(a) Multiply the numbers as though they were whole. 

(b) Determine the position of the decimal point in the 
answer by finding the total number of decimal places. 

Ex. 8. 0 073 x o-i = 0 0073 

(3 + 1 =4 decimal places). 



ii 79° 2 + 1 = 3 decimal places. 
165 06 Result 412-650; we then omit the final 
235 8 zero when writing the answer, but not 

before. 

412 650 
.-. 23-58 x 17-5 = 412-65. 

Although the above is undoubtedly the simplest 
method and also the safest, it is not suitable when con- 
tracted multiplication is required (i.e. when several of 
the figures in the answer are superfluous). 

Multiplication by factors can often be carried out, but 
it is rarely of value. (Division by factors is, on the other 
hand, important.) 

As a final example of multiplication of the normal type 
consider : 

Ex. 10. 36 000 x 0-018 35 1 835 



66060 

[We divide 36 000 by 1000, thus removing the zeros; 
we multiply 0-018 35 by 1000, so compensating. The re- 
sult is considerable simplification. 
Otherwise we can proceed as follows: 
36 000 x 1835 = 1 835 000 x 36 = 66 060 000 
5 d.p. leave 660-600 00 = 660-6, but this is clumsy. 
We always multiply by the number which has fewer 
figures in it; i.e. by 36, not by 1835.] 

5. Division 

There are numerous methods of division in use, but, for 
the student practising alone, the following are sufficient. 



Ex. 11. Divide 217 by 0-0014. 



217 ^ 2T 7 000 
= 15 500. 



7)217000 




We multiply the top and bottom by the same power of 
10 (in this case, we multiply by 10 000) to make the divisor 
a whole number; i.e. we move the decimal point the 
same number of places to the right in the numerator and 
denominator. 

Ex. 12. Divide 380 64 by 2400. 

380-64 3-8064 6 )3-8064 



Here we divide the top and bottom by the same power 
of 10 to simplify the working; i.e. we move the decimal 
point the same number of places to the left in the numerator 
and denominator. 

It often happens that an exact answer cannot be ob- 
tained, or, even if it can be obtained, that it contains 
more decimal places than we need for our purposes. In 
such a case we approximate our answer to the degree of 
accuracy we require. Consider the following example: 

Ex. 13. Find the value of 0-0867 4- 0-21. 



^0-41. 

(The symbol £i means "is approximately equal to".) 

What we have done is to work out the question to 3 
places of decimals and we then corrected the answer to 
an accuracy of 2 decimal places (2 d.p.). 

If we had wanted the answer correct to 3 d.p. we 
would have worked a little farther: 



01586. 




0^0867 = 8-67 




7)86700 



DECIMALS 



45 



and we would have found that -^J- £± 0-413 (3 d.p.). 

We take the value 0-413 because 0-4128 lies between 
0-412 and 0-413, and is nearer to the latter. 

One -case merits particular attention. What do we 
take if the last figure is a 5 and we wish to approximate? 

E.g. 0-6025 might be 0-602 or 0-603 ( to 3 d-P-)- 

We merely take a convention to go to the higher num- 
ber, i.e.: 

0-6025 — °"6°3 (correct to 3 decimal places). 
In all of the examples 11-13, we were able to divide 
by factors. We now have to study long division. As be- 
fore, we shall make the divisor a whole number. 

Ex. 14. Divide 3-8 by 0-89 and give the answer correct 

t0 2d.p. 

j-8 = 380 4-869 

0-89 89 89)380-000 

= 4-269 ... 356 

£h 4-27 (2 d.p.). 24-0 

6-20 

5-34 



Notice that the quotient is written over the dividend 
so that the quotient decimal point comes over the divi- 
dend decimal point. 

It wfll be observed that in Examples 13 and r4 we 
introduce zeros as necessary in the dividend. They do 
not affect its value. 

In Ex. 14 we write 380 as 380-000, introducing the 
decimal point and as many zeros as we need in the 
working. 380 -f- 89 = 4, remainder 24. Bring down the 
first decimal place figure, i.e. 0, and enter the decimal point 
in the quotient. 240 4- 89 = 2, remainder 62, etc. If we 
write the quotient over the dividend we see clearly where 
the decimal point will lie. 



4 6 ARITHMETIC 

In the above work we have approximated to a specified 
number of places of decimals. We sometimes require an 
answer correct to a particular number of significant 
figures. To understand the meaning of significant figures 
(or significant digits, as they may more accurately be 
called) requires care. 

Digits are the numbers o, I, 2, 3, . . ., 9, i.e. the positive 
whole numbers less than 10, together with zero. Sig- 
nificant digits, or significant figures, are the digits of a 
number beginning with the first digit on the left which is 
not zero and ending with the last digit on the right which 
is not zero. Some illustrations will help the reader to 
understand this. 

3608 has 4 significant figures 



The value of 0-4277 correct to 2 significant figure 
(2 s.f.) is 0-43. 

Likewise 4315 £t 43 00 ( 2 *•*•) 
4360 £t 4400 (2 s.f.). 

Note that there are cases where end zeros may b 
significant: 

21769 63 21770 (5 si.) 
(for 0769 63 is nearer 0770 than 0769). 

• Exercise 2 

Write down the following numbers correct to tt 
accuracy required: 

1. 4'7-3 (3 s f ) S - °'° 868 <3 d -P ) 

3. 22-0097 (3 d.p.) «• 6-° 8 9 (» s.f.) 

5. 0-006 993 (4 d.p.) 6. 0-030 8 7 (3 s.f.) 

7. 9-843 05 (3 s.f.) 8. 0-0984 (3 d.p.). 



DECIMALS 47 

Ex. 15. Calculate 0-324 4- 72-5 to 3 significant figures. 

0004 468 

9^24 = 3^4 225)3-240 000 

72-5 725 2-900 
= 0-004 468 .. . W o 
= 0-004 47 (3 s.f.). 

5000 
4359 
6500 
5800 

725 will not divide into 3; put in decimal (o-). It will not 
divide into 3-2; put in o-o. It will not divide into 3-24; 
put in 0-00. It will divide into 3-240; enter first significant 



(a) 0-04 X 10 (6) 0-63 X 100 (c) 3-85 X 1000 

(A) o-ooy x 1000 («) o-o 5 x 3 (/) 0-59 X 12 

(g) 0-08 x 20 (A) 1 -6 4 X 300 («) 0-042 x 120 

If) 28-9 x 7° (*) 2-024 X no (I) 0-53 x xio- 

2. Find the value of: 

(a) 6-8 H- 2 (6) 5-8 4 4 W 3-25 4- 10 

(d) 0-08 -H too (e) 3-84 4- 20 (/) 79-8 4- 70 
(g) 0-0965 -7- 0-5 (A) 0-825 4- 0-15 (*)■ 297 4- 0-055 

(/) 1-62 -f- 0-009 (A). 0-14608 4- 40 W 0-283 4- T3o- 

3. Find the value of the foUowing exactly, unless otherwise 

(a) 24-7 x 3-8 (6) 6-8 x 0-042 

(c) 386-2 x 0-072 (d) 8500 x o-ooi 32 

(e) 79-7 X 3 i-4 (2 s.f.) (/) 8304 X 0-061 (3 s.f.) 

v (g) 8200 x 0-439 (A) 9070 x o-ooi 94 (4 s.f.) 

(i) 0-23 x 61-86 (2 d.p.). 

4. Find the value of the following, correct to the accuracy- 
fa) 29-4 -f- 33 (2 d.p.) (6) 3-046 4- 42 (3 d.p.) 

(c) 0-987 -4- 0-71 {3 s.f.) (d) 20-45 -f- 0-93 (3 s.f.) 
(«) 6- 4 - 760 ( 4 d.p.) (/) 39-84 4- 1-773 (3 d.p.). 



6. Fractions and Decimals 

Some fractions can be expressed as exa 
i = 0-5, 1 = 0-25, J = 0-125. 

l = 3Xi = 3X 0-25 = 075 and sc 
Others, however, cannot, 
i = 0-333 ■ • • 



le reverse process is ei 
£. 17. Express o-i6 as a fraction in lowest terms. 



25 



1. Express the following fractions as decimals, exac 
where possible, but to four decimal places otherwise 
(a) i (b) f (c) A (d) t (e) A (/) tt- 

2. Convert the following decimals to vulgar fractions 

(™o-i* W' °-7i6 (e) 0-085 (a) 0-0906 («) 7-16 

3. Express the following fractions as decimals correct 
three places and hence arrange them in ascending or 
of magnitude: W, Hi- 

4. Find the value of: (o) - 

5. Find the value of: 

(a) (2- 54 ) 2 (6) (o-o2) 2 (c) (o-n) 3 . 

6. Find, correct to 2 significant figures, the value of: 
(a) (f) 2 (4) (o-343) 3 (o-o6 3 ) 2 . 



THE METRIC SYSTEM 



1. Origin of the Metric System 

Preliminary work on the metric system of measurement 
began in France as early as 1789. The aim was to simplify 
the complicated collection oi weights and measures, 
which were in general use, by adopting a single standard 
measure for each of length, area, volume and weight 
(which should, incidentally, be more accurately referred 

The system came into use as a result of a recommenda- 
tion in 1791, by a committee of the French Academy, 
that the metre (after which the whole structure of 
measurement is named) be adopted as the standard 
measure of length. The metre was originally defined as 
one ten-millionth (i.e. io -7 ) part of the earth's meridional 
quadrant through Paris. The modern definition is that 
the measure is given by the length at o°C between the 
centres of two lines engraved on a special platinum- 
iridium bar in Paris. 

It will be observed that the introduction of the metric 
system coincided with the French Revolution. Such an 
occasion would be ripe for the establishment of a revolu- 
tionary idea having beneficial intent. By 1840 the 
system was obligatory in France, except with regard to 
time measurement, wherein the sole modification which 
has come to pass is the gradual introduction of the 
24-hour clock throughout the civilized world. Time still 
remains sexagesimal in concept (see page 2). 

2. The Metric System and Standard International (SI) 
Units 

The United Kingdom is fully committed to utilizing 
the metric system, in common with Europe and much of 
the rest of the world. It is clearly desirable that, at the 
same time, there shall be full standardisation of all units 



of measurement among nations, this Has lea 10 ine 
creation of Standard International Units' (or, more 
briefly, SI units), the simpler ones of which are referred 
to in this book. Foreign trade and scientific work, the 
second of which recognises few state frontiers, will be 
greatly facilitated. 

We shall first look at the metric system and its 
prefixes, which determine the size of a measurement (in 
multiples of 10). Indication will then be given as to 
which prefixes have gained favour in the system of SI 



_s already stated in Section I 
above, is the metre (m). It is rather more than a yard, 
being approximately 39-37 in. For some purposes it can 
be considered as nearly 11 yd, the error being about 1 
in 2000, for 

1-1 yd = 36 X i-i in = 39-6 in €h 1 m. 
Other lengths are obtained by inserting prefixes, 
based on Creek words for larger amounts than the 
standard unit and on Latin for smaller amounts, e.g. 
1000 metres = 1 AtVometrc (km) 
100 metres = 1 hectometre (hm) 
10 metres = 1 dekamztrc (Dm) 
o-i metre = 1 decimetre (dm) 
o-oi metre = 1 cenft'metre (cm) 
o-ooi metre ■= 1 mffiimetre (mm) 
The same prefixes are used for the measures of area, 
volume and weight. 

Only in the case of the deka prefix abbreviation is a 
capital letter needed (to save confusion with deci, which 
is much smaller). 

It will be noticed that the prefixes proceed m multiples 
of 10, this being intended to link up directly with deci- 

10 mm = 1 cm; 10 cm = 1 dm; 10 dm = 1 m; 
iom^i Dm; 10 Dm = 1 hm; 10 hm, = 1 km. 



It is worth digressing a moment on to the method of 
multiplying powers of 10 and thereby anticipating 
Ch. 12, pp. 132-148, on logarithms and indices. We have, 
for example, 



the result showing that 
of 10, for 2 + 3 = 5. 
Similarly IO 3 



e could have added the powers 



I0 3 XA= TO 2 

t we replace fo by 1 
!, leading to 



In fact this always works (provided that we define 
io° = 1). The process is later explained in greater 
detail. 

Examples 

In accordance with SI Units, length will be measured 
in the millimetre (mm), metre (m) ^39-37 in., kilometre 
(km) £>. 0-6214 mile; also, because of its convenient size 
for everyday life, centimetre (cm) £h 0-3937 in. These are 
the only ones which need to be memorised for general 
purposes, although the others may be met from time to 



S / Unit 


Length in metres 


Approximate 
Imperial units 


1 kilometre 




0-6214 mue 

39-37 in 
0-3937 in 
0-0394 in 



We have 



i km = iooo m O iooo x 39'37 in = 39 37° in 

| mile = | X 1760 yd = f X 63 360 in = 39 600 in. 
These are clearly very near to one another in length. The 
error is 230 in £11 9 ft. 
i.e. 1 kilometre is approximately 19 ft short of § mile. 

Although Ex. I above is interesting, it is important 
that the reader should practise the use of metric, mrnsuiv- 
ments in their own right, not trying to convert them 
always to the Imperial system. Such ideas as using centi- 
metres and millimetres on a ruler, taking long strides of 
about 1 metre, and practising the use of km/h (kilo- 
metres per hour) instead of miles per hour on a car 
speedometer, all help. It is worth bearing in mind that 
30 mile/h £h 50 km/h, for, from above, 

50 km/h £i § X 50 mile/h = 3i£ mile/h. 

notes (1) The standard abbreviations for time will be h 
for hour and s for second. 
(2) The solidus (/) is used instead of per, and 
leads to speeds being given in the form km/h, 
meaning "kilometres per hour" (or kilometres 
-f- hours), and m/s, meaning "metres per 
second"; the word "per" is retained when the 
words are written in full. 
For those carrying out mathematical and scientific 

studies in greater depth, m s" 1 will be used instead of m/s; 

it means the same, for, from above and from page 51, 

m/s = " = ms-i. 

Ex. 2. Express the speed of 90 km/h (90 km h- 1 ) in 
metres per second. 

. qo km 00 X iooo m 



n build up the table 
too m 2 = I Dm 2 , also called I are 
300 m 2 = I hm 2 , also called i hectare 
aoo m 2 = I km 2 



Not all of these results are of much practical value. 

In accordance with SI Units, area will be measured in 
the square centimetre (cm 2 ), square metre (m 2 ), square 
kilometre (km 2 ); also, because of its convenient size for 
everyday life, the hectare (pronounced HEKTAIR) £h 
2\ acre is likely to supersede the acre. The hectare (ha) 
is shown above and is io ooo m 2 ; it is ioo ares, where the 
are is r Dm 2 . 



SI unit 


Area in square 


Imperial 
equivalent 


I sq. centimetre 
i sq. metre 

I sq. kilometre 




°' I5 6 ^2 
. 2-47 acre 
0-386 mile 2 



Ex. 3. How many tiles 6 cm x 9 cm are needed to 
cover a wall of length 3-6 metres to a height of 1-8 metres, 
if the tiles are laid longways? 

In this kind of question there is always the problem 
that the tiles may not fit exactly. At this early stage, 
however, they have been "adjusted" to fit! 

Length of wall _ 3-6 m _ 360 cm _ 360 = ^ 
Length of ti' ~~ 



Height of wall _ i-8 n 
Height of tile 6 cm 
.-. Number of tiles needet 
i.e. 30 rows of 40 in each r< 
Ex. 4. Taking 01 



186 



We have I hectare = 10 ooo m 2 = 10 ooo X (39-6)* in 2 

1 acre = 4840 yd 2 = 4840 x (36)* in 2 
. 1 hectare _ 10000 /39' 6 V 
" " 1 acre ~ 4840 \ 36 / 



.'. 1 hectare is approximately 2| acres. 

This is a bit naughty as 1 m £i 39-37 in, but 39-6 in 
cancels out very conveniently! Using the more accurate 
figure would have led to heavy arithmetic more suited 
to the use of logarithms (see later). The difference is not 
great, c.f. p. 54 which shows a more accurate result as 



2-47 a< 



• Exercise 2 
e following areas in square 1 
o in front of the decimal poir 



(d) A km* 
(g) 3-62 cm 
(j) 47 Dm: 



t , deduce the foil 



3. A rectangular field is 80 metres long and 64 metres wide. 
What is its area in hectares? 

4. Express one acre in square metres. (Take I m = 39-37 
in.) 

5. A fitted carpet is bought in a roll, of width 75 cm. 
What is the length of carpet needed to cover the Boor 
of a rectangular room 7 metres long and 4-5 metres 
wide? Hint. Lay the carpet longways and, in this case, 
an exact number of widths is obtained.] 



5. Volume and Capacity. 

The basic unit of volume is the cubic metre, which is 
the volume of a cube of side 1 metre. Its abbreviation is 

Example. 1 m 3 = io 2 cm x io 2 cm x io 2 cm 



In SI units, the only quantities we arc likely to use 
widely are the cubic centimetre (cm 3 ), litre (1) = 1000 cm 3 
and cubic metre (m 3 ). 

It is interesting to note that 

Hence the litre is the same as the cubic decimetre, 
although one will not often give it the latter name. For 
everyday life, the litre is the most useful of the three 
standard units listed above. In laboratory work, and 
sometimes in the kitchen, the cubic centimetre comes 
into its own. For the measurement of large quantities of 
materials, such as sand, the cubic metre is adopted. 





Volume in m 3 


Imperial 
equivalent 


1 cubic centimetre 
1 litre 




0061 in 3 



6. Mass. (In the past we referred to this, inaccurately, as 
WEIGHT). 

The mass of a body is the quantity of matter in it, 
dependent on the aggregate of its molecules, whereas 
the weight is the gravitational force exerted on the body 
by the Earth. It is well known that Sir Isaac Newton 
(1642-1727) was interested in an apple which fell from 
a tree. Among the brilliant deductions he made from 
his subsequent investigations was a law which can lead 
to the equation 

Weight = Mass X gravitational acceleration. 
The further a body is from the surface of the Earth, the 
smaller is the gravitational acceleration and, as the mass 
is constant, the above equation shows that the weight is 
smaller. The author's friend, Cyril Bolton, enlarged on 
this by suggesting that a housewife of the future, Inlying 
one kilogramme of potatoes to make chips, would get 
an awful lot of the vegetables to make up this weight as 
measured by a spring balance, if she were at her shop in a 
satellite orbiting the Earth at the time of purchase! The 
potatoes would be virtually weightless (although just as 
capable of satisfying one's inner needs) unless a spin 
were given to the satellite to create an artificial gravi- 
tational field. 

It is best for children at school to move gradually 
towards the adoption of the word mass, but for adults 
not directlv concerned with scientific or engineering 
work the distinction is not serious. Although it may well 
be frowned upon by those weaned on "weight", we shall 
hereinafter adopt the word "mass". 

The unit of mass (given in some detail among the 
TABLES, pp. xiii-xvi) is the gramme (g). It is possible 



to construct a table which corresponds in layout with 
those for length, area or volume: 

1000 g — i Mogramme (kg) 

ioo g =1 hectogramme (hg) 

10 g — I dekagramme (Dg) 

0 i g =i decigramme (dg) 
o-oi g = I ce»/«gramme (eg) 
o-ooi g = i »»7ftgramme (mg). 

In accordance with SI units, the only important ones 
arc the milligramme (mg), gramme (g) and kilogramme 
(kg). We shall also use the tonne (metric ton) — iooo kg. 

The gramme is small, there being approximately 
28-3 g = 1 oz. The milligramme is thus very small and 
is used in accurate laboratory measurements. The kilo- 
gramme will bo. widely used in purchasing goods by 
mass, e.g. 3-5 kg, for 1 kg £i 2-206 lb. For weighing 
out small amounts in the kitchen, it is clear that the 
gramme will also have its uses. The tonne will bo used 
for heavy commodities, e.g. coal, locomotives, ships' 
cargoes, etc. 

1 tonne = 1000 kg 2205 lb. 

This is only 35 lb short of the former English ton 
{2240 lb). 



SI unit 


Mass in grammes 


Imperial 
equivalent 


1 milligramme 

1 gramme 
1 kilogramme 


O-OOI g 

1 g 
1000 g 


o-ooo 035 oz 
0-0353 oz 



There is a very useful relationship between volume 
and mass in the metric system. At 4°C (more accurately, 
the temperature is 3-o,8°C) , one cubic centimetre of water 
has a mass of one gramme. Now 1 cm 3 = litre 
(hence the cubic centimetre is also called the miUilitre, 
when measuring liquids), and therefore 

1 cm 3 of water has a mass of 1 g 



and I m 3 of water = iooo litres of water has a mass of 
i tonne (— iooo kg). In the ahove, we have ignored 
variations for modest changes of temperature. 

Finally, there is a practical point. On the Continent, 
the heusewife may buy her vegetables by the "kilo- 
gramme", which is rather a long word. The official 
abbreviation "kg" does not lend itself to speech and so 
she has adopted "kilo", e.g. "2 kilos of potatoes". It is 
not wise to write this abbreviation, however, as it 
merely means "iooo". 



t all the lengths of the same units, say, 

.'. Required volume = 315 X 24 X 0-045 cm 3 
= 340 2 cm 3 . 

Ex. 6. Find the mass, in grammes, of a pint of water, 
given that I litre £± 176 pint. 

Mass of one litre of water = 1 kg = iooo g 
Mass of one pint €t g £i 568 g. 

0 Exercise 3 

1. Write down the volume of a rectangular solid: 

2. What is the capacity, in litres, of a rectangular tank 

3. Given that 1 kg ^ 2-205 lb, find 1 lb in terms of a 

4. Given that I gallon =d= 4-543 litres, show that 1 gallon 
of water has a mass of approximately 10 lb. [Hint. Use 
the result of No. 3 above. | 



MONEY. 



1. The British Coinage 

The silver penny (Latin denarius) was the d of our 
£ s d system, which became obsolete on 15th February, 
1971. It came into general use in Anglo-Saxon times 
being used by various potentates, e.g. c. 765 Heabcrt 6 , 
King of Kent; c. 765 Jaenberht, Archbishop of Canter- 
bury; c. 757 Offa 7 , King of Mercia (famed for his dyke, 
still largely extant and separating Wales from England); 
c. 760 Beonna, King of East Anglia. The silver penny 
remained the principal coin for a long time, until, in 
fact, gold money was also introduced in 1344, temp. 
Edward III. The first important gold coin was, strangely 
enough, a florin (equivalent to 6s), but quite different 
from the florins we know (now replaced by iop pieces) 
and which date from Victoria's reign. A florin of 1344 is 
currently valued, in reasonable condition, at about 
£8000, so it will be appreciated that few specimens have 
survived. 

The coins from Edward Ill's reign onwards became 
much more varied, e.g. half-florin (leopard) and quarter- 
florin (helm). Then, in 1344-6, the noble (6s 8d) appeared, 
together with sub-divisions of it. Again, in 1344, we 
come across the half-penny and farthing (both in silver) 
and, in 1351, the groat (4<i) and half-groat. In the time 
of Edward IV, there appeared, in 1464, the ryal (rose- 
noble, a gold coin of 10s), and its sub-divisions of a half 
and a quarter; contemporarily with this, it appears that 
the angel (6s 8d) superseded the noble. With the ascent 
of Henry VII, in 1485, we find the gold sovereign of 20s 
and the testoon (is). Under Henry VIII's despotic rule 

6 It appears that only one of Hcabort's silver pennies has 

7 Two unique gold coins of Ofia exist; we then meet few other 



some odd things happened to the coinage. This was partly 
because, in 1526, some coins were manufactured in 22 
carat gold and later, in 1543, there was a substantial 
debasement of money. The points of interest are: 



1509-26 


Sovereign 








6s 8d 




Haf^-Angel 


3?4d 


1526-44 


Sovereign 


22s 6d 




Angel 


7s6d 




Half-Angel 


3sgd 


and then 


George-Noble 


6s 8d 




Half-George-Noble 


3S4d 




Crown of the Rose 


4s6d 




Crown 'of the Double Rose 


5s od 




Half-Crown 8 





By 1544 we come across the half-sovereign (10s), the 
short lived George-noble and its half having been dis- 
continued. What a muddle! Throughout all this, the groat, 
half-groat, penny, halfpenny and farthing (all in silver) 
continued to prosper; the testoon Was also still minted, 
but by 1549, temp. Edward VI, it was replaced by the 

Under Mary Fs reform, T553, a "fine" sovereign (of 
30s) and a ryal (of 15s), together with an angel (now 
10s) and half-angel, were the gold coins. These continued 
in Elizabeth I's day; at the same time, one finds the 
silver three-pence, three half-pence and rather rare 
three farthings; thus, in silver, there were 5s, 2s 6d, is, 
6d, 4 d, 3d, 2d, i|d, id, Jd, Jd! 

With the ascent of James I (James VI of Scotland) in 
1603, the sovereign reverted to 20s, but the second 
coinage of this monarch included some little-known items, 
such as the rose-ryal (30s), spur-ryal (15s), angel (10s), 
half-angel (5s 6d), unite (20s), double crown, Britain 
crown, thistle-crown (4s), and even a laurel (20s) and 
its half and quarter. Chaos continued in Charles I's time, 



s Presumably Half Crown 



ouble Rose, ti 



all sorts of coins being minted in different isolated towns 
during the Civil War. During the Commonwealth, 
Cromwell used a gold unite, double crown, crown, half- 
crown, shilling, sixpence, half-groat, penny and half- 
penny (silver) and even in 1656, a 50s piece. 

WHIP the Restoration in 1660 we come across the 
guinea, introduced as follows: 1663 guinea; 1664 two 
guinea piece; 1668 five guinea piece; T669 half-guinea. 

Base metal coins are to be found dating from 1672, in 
the form of a copper half-penny and farthing, and in 
1684-5, a t' n farthing. The coinage now steadied for more 
than a century and, ignoring local penny and half- 
penny tokens, stood as: 



Gold 


Five guineas, two guineas, one guinea,- 
half guinea (and, more rarely, a quarter- 
guinea) 




Crown, Half-crown, shilling, sixpence, 


fourpence, threepence, twopence, penny 


Base melal 


Halfpenny, farthing 



In 1797, Matthew Boulton (1728--1809), engineer, 
manufactured an enormous "cartwheel" copper 2d and 
a correspondingly massive id, but there was such an 
outcry from the public about the mass of these coins 
that they were quickly withdrawn. 

The last guineas were minted in 18T3, temp. George 
III. In 1816, a new gold coinage, five pound, two pounds 
and one pound (sovereign) superseded the guinea (most 
carefully preserved on paper by ladies' dress shops and 
other establishments, as a means of presenting apparently 
attractive prices to customers, until 1970!). 

At last, in 1825, during George IV's reign we find a 
moderate-sized copper penny. 

The silver 4d, 3d, 2d, id were still issued as Maundy 
money, even until the 1970's, but a silver groat (4d) and 
threepence of different design were used in circulation, 
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the former until 1855 (ignoring those for colonial use) 
and the latter until 1944, George VI's reign. 

The government, in 1849, decided that the time had 
come for decimalization of the currency and introduced 
the florin (2s); inscribed "One florin- One tenth of a 
pound". The half-crown was discontinued in 1850, but 
the public would have none of this, and by 1874 the 
half-crown was again minted. It would appear that the 
government was equally reluctant to abandon its 
florin and so the two coins were minted side by side 
until 1967. We had now arrived at the well-known 
coinage. 



Gold 


£5, £2 (only issued at rare intervals) 
£1 (last minted for circulation in Britain 
in 1918, although for commemorative 
purposes and for collectors they have 
been minted as late as Elizabth's II's 
reign). 


Silver 


5s (discontinued in circulation 1902; 
minted for commemorative purposes 
from time to time until 1965) 
2s 6d;~2s; is; 6d (92-5% silver to 1920; 
50% sirver 1920-46; cupro-nickel since 
then; 2s 6d withdrawn 1969-70). 


Silver or 


3d ((«) material used as in 2S 6d, with- 
drawn 1944; (6) in brass 1937-67) 


Bronze 


id, \d. Id (withdrawn as follows: |d, 
iy55: 2 d . I 9 6 9; ld > J 5 th February 
1971). 



The 2S (florin) and is are replaced by the new 10 penny 
piece (iop) and new 5 penny piece (5p) respectively, the 
new coins being of identical size to their predecessors. 
'Die sixpence, because of public demand, has been 
temporarily maintained in the form of 2^p. 



Thus we arrive at our new coinage: 

£i (as before); 5op (=ios); iop (=2s); 5p (=is); 
2ip (=6d); 2p (=4-8d); ip (=2- 4 d); |p (=i-2d). 
The $op, iop, 5p, 2jp are of cupro nickel and the smaller 
coins are of bronze. 

The purpose of our decimal currency (loop = £i) is 
to avoid fractions (although the introduction of the £p 
produces complications in this respect). 

2. Use oS the New Coinage 

There are certain rules 9 which are recommended 
officially in order to save mistakes in using the new 
coinage. Although these rules are straightfoward, there 
are a few pitfalls to be avoided. These are emphasised in 
the list below: 

(1) The £ sign is used for pounds (sterling), as before: 
thus, £24. 

(2) The sign for new pence is p and it is placed after 
the amount: e.g. 47p. 

(3) The new halfpenny is to be shown as a vulgar 
fraction J, as in 29.Jp. 

(4) The decimal point is used to separate pounds from 
new pence. As there are loop in £1, two figures must be 
given after the decimal point (unless the sum of money 
concerned is a whole number of pounds), e.g. 

£3-45 means £3 and 45p 

£8-07 means £8 and 7p. 
If the zero were omitted in the £8-07 above, it would be 
possible. to read the amount incorrectly as £87 = £8 and 
7op. 

(5) In writing the new coinage, either the pound sign 
(£) or the pence sign (p) is used, but both signs should not 
be used together, e.g. 

(a) £28-46!, (6) £4,509-08, (c) 53P. W liP- 
Note that it would be quite correct to write (c) above as 
£0-53 and (d) as £o-oii. 

There is no reason why, in calculations, the example 
(a) should not be written as 28 4 6Jp if it is helpful, but 
9 Adapted from Decimal Currency, issued by HMSO. 



the answer should certainly be given as £28-46^. It is 
then easier to visualize the sum involved. 

(6) Whenever a sum of money is not exact, it is 
adjusted to the nearest Jp. This rule is tiresome. Consider 
the cost of 300 gm cheese at 47§p per kg. We have the 
cost given by 

^X47iP = i 3 0 x§f > = ^ = x 4iP 

(which could be i 4 p or I4jp to the nearest Jp). 
Thus, for several items on a bill we might get some 
awkward calculations. The reason for this lies in the fact 
that 240 has many more factors than 100. 

Our old system was £1 = 2 4 od, where the factors of 
240 are 1, 2, 3, 4, 5, 6, 8, 10, 12, 15, 16, 20, 24, 30, 4°. 4 8 > 
60, 80, 120, 240. 

Altogether there are 20 different factors. 

Now consider our new system, £1 = loop, in which 
the factors are: 

1, 2, 4, 5, 10, 20, 25, 30, 100. 
There are now only 9 factors. 

The idea was that, in using decimals instead of frac- 
tions, full compensation would be made for the loss of 
factors, and hence of aliquot parts (i.e. parts contained 
a whole number of times in a whole thing). It would 
have worked well had we not been compelled to use the 
^p, because we retained so large a unit as £1 instead of 
a smaller 10s unit, which we could have designated a 
dollar ( $1), where ip would have been of size akin to the 
former id. , 

(7) The coins in use are Jp, ip, 2p (bronze); 2jp, 5p, 
iop, 5op (cupro-nickel). The pound note is continued. It 
is important that we do not refer to 5p as "one shUling" 
but as a "fivepenny piece" or, more shortly, as a "five". 
A similar observation can be made with regard to the 

° (8) The guinea is finally abolished (about 160 years 
after the last such coin was manufactured). Thus a price 
of 63 gns. will have to be written as £66-15. This makes 
the true cost much clearer to a buyer. The example also 
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nicely illustrates the purpose of rule (7) above during the 
transitional period. 

63 gns = £63 plus 63s. £63 plus 63 "fives" 
Now 63 fives = 63 X 5P = 3I5P = £3'i5 
.-. 63 gns =£(63 + 3-15) =£66-15. 

(9) The procedure to be adopted in writing cheques is 
illustrated by the four examples below, which cover the 
possible cases. On a cheque, a hyphen is written instead of 
a decimal point. This is merely for the sake of clarity. After 
all, an indistinct decimal point could easily be missed! 



Hand-written 


Figures 


Thirty Seven Pounds 
Five Pounds 08 
Twenty Pounds 70 
Forty Six pence 


£37-00 
£5-08 
£20-70 
£0-46 



Note that the £ sign must appear in the Figures 
section and that at least one number (zero if necessary) 
must appear between the £ sign and the hyphen. In 
printing we will, as already explained, find (say) £37-00, 
£5-08, £20-70 or £0-46 to correspond with the above four 
amounts. It may be desirable to alter typewriters to 
carry out the same placing of the decimal point, but, 
until this is done, we must accept £37-00, £5.08, £20.70 
or £0.46 as correct, but only when typewritten. 

Ex. 1. Mrs. Green purchases items costing 47P, gjp, 
62lp and £3. What is her total bill? 

The layout is as for decimals (Ch. 5, Section 2), in that 
we use fhe decimal point as our guide in putting down 
numbers to be added or subtracted in columns. There is 
a slight modification to take into account the Jp. 

£ -6- Either £ sign or p can be used by itself in 

47 the correct place 
09J <- Note that the zero is essential 



-— We also put the zt 



n for safety. 



The total cost is £419. 



juld alternatively have been written a; 



The advantage of the first layout is that the difficulty 
some people have in putting down decimal points neatly 
in a vertical line, when shopping in a hurry, is avoided! 

Ex. 2. Smith buys 200 g of ham at 72]) a kg and 400 g 
of cheese at 5«p a kg. How much change will he have 
from a £1 note? 

Ham - 20 °- x 72p = ~-p = I4'4p £i I4^p 



Cheese x 58p = — p = 232P 23P 

Total cost 37ip 
change received (100 — y/Dv = 62Jp. 

« Exercise i 

Add together the following: 
1. 2op, 3 7 |p, 4 ip 2. f>i|p, ;£4-°5. 9Sp 

3. ^lf»q-o8, £84, /o-94 4. &5lP. »2|p, 47P- 

Subtract the following: 
5. £ 6. £ 7. P 



8. Subtract the sum of 74 Sp and 37 

9. Find the total cost of I J kg bar 
750 g gammon at 68p a kg. 

10. Find the cost of 3 J kg tomafc 
potatoes at 5$p a kg and ij k 



3. Multiplication and Division of Money 

The processes are simple and very largely follow the 
lines shown in Chapter 5. There is no doubt whatsoever 
that multiplication and division of decimal currency is 
easier than with the former £ s d. 

Ex. 3. Find the cost of 47 articles at 73JP each. 



The reader will observe that, inevitably, the \p 
has to be used with caution: 40 X J — 20, 
giving 2 to be carried in the "tens" column. 



3454b 
Total cost £34 54J. 



Ex. 4. Find the 
bought for £250, if each 
will there be? 

£250 _ 25 ooo[ 
73il> _ ~^3iP~ 



£ 






n\ 




47 x 


5 


M\ 


29 




34 


54i 


mber of 



o pence, and then removing 



the p sign top and bottom, and finally doubling top and 
bottom to get rid of the 

34° 



20 Remainder 
Thus 340 articles can be bought. 

The remainder, 20, poses a problem. We must remem- 
ber that we doubled the top and bottom lines of the 
fraction, so we must now halve the remainder to get the 
change, in pence. It is therefore lOp. 



Multiply (Nos.. 1-4): 
1. £V4° h y '7 2. £0-54 by 28 

3. 37P by 43 *• b 5lP by 1*9- 

Divide, giving the answer correct to the nearest ip 

where necessary (Nos. 5-10): 
5. £572 by 11 6. /3°°7by3> 

7. £84-50 by 133 8. £64-28 by 190 

9. £2447 by 392 10. 2J251 by 493. 

11. Find the cost of 73 tonnes of coal at £23-45 a tonne. 

12. How much will 509 articles be, at 47P each? 

13. If stacking chairs cost £27-60 a dozen, how much will a 
school have to pay for 6T4 chairs? 

14. Pencils are priced at £3-55 a gross. What will be the 
cost for 1000 pencils? 

15. An ironmonger wishes to purchase garden shears at 
£1-85 each. How many will he get for £50 and how much 
change will there be? 

16. Find, in lowest terms, what fraction 67JP is of £7 65. 

17. If electric torches cost 31 each, how many can be 
bought for £17 and how much change will be left? 

18. Jones dies and leaves £6874- He directs that the money 
shall be divided among his wife and three children, so 
that his wife receives four times as much as each child. 
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The children are to get equal shares. How much is left 
to the wife? 

19. Tompkins took a party of 29 children to the theatre. 
The seats cost 42£p each. How much change did he 
hav&from £15? 

20. What is the cost, in £, of motoring 17952 km at 3jp a 
kilometre? 



*4. Conversion from £ s d to the New Monetary System 

The reader may wonder why no comparison of prices 
in £ s d and £ p has been made in this book until now. The 
reason is that mastery of the new system should as far 
as possible be gained without reference to the old. 
Nevertheless a conversion tabic will be of value to many 
housewives (and others!) who wish to check their costs 

Conversion Table 




The table is very easy to use. Suppose we wish to 
convert 16s 4<J to new pence, then using ~> as meaning 
"becomes", we have 

ios -> 5op (our 

6s4d->3i|p (fron 

th( 

16s 4d 8i£p 

Ex. 5. Convert £7 14s 8c 
We have £7 £>oc 



/. Sum of money -» 
After a little practi 



0-23^ very 
£7-73£ 

ce, this can be done mentally. 



£ 




d 






7 


4 




7 




7 


14 


0 


7 





will be necessary to consider the equivalent value of the 
new pence in s d. One reads outwards from the table 
above, e.g. 23JP is 4s (from the top) plus 8d (from the 
left), i.e. it is 4 s 8d. 

Convert the following to shillings and (old) pence: 
(a) 8p (b) 4 p (c) i6Jp (i) 28 2 >p («) 4 ip. (Two 
answers! but the difference is only id. It will be found, 
using ip = 2-4d, that the lower is more accurate.) 
(f) 2<JP (g) 5°P (A) 79ip (*) 86P 

U) 97P (*) 74P (I) £f7* (m)£z-i6 
(«) £0-06 (0) /47-o8J (p) £604-49. 



*5. Practice 

Practice has had many applications in arithmetic. It 
consists of expressing a quantity as a set of aliquot parts. 
An aliquot part can be considered as an exact divisor of 

When our units of length, area, volume and mass are 
fully metricated, as well as our money, it is unlikely that 
there will be much purpose in using the method of 
practice.* This section is therefore included for use during 
the transitional period. 

Consider, for example, 5 ton 6 cwt 1 qr. We can put 
it in aliquot parts thus: 



Each line is an exact divisor of 
the line above (except for lines 
1 and 2 which are easily under- 

to the nearest ip, of 5 ton 6 cwt 





18 


65 


Cost of 5 ton 


93 


25 


„ „ 5 cwt = \ of 1 ton 




6625 


„ „ 1 cwt = i of 5 cwt 




93 25 


„ „ 1 qr = J of 1 cwt 




23 31 


Total cost £99-08. 


£99 


07 81 



1. Find the cost of 27 jars of marmalade at 9jp a jar. 
8. Find the cost of 8J lb of bacon at 28£p a lb. 

3. What is the cost of 7 yd 2 ft 4 in of material at £1-38 i 

4. How much would 274 yd of cable cost at 6|p a foot? 



3. How 



mch would i 



Id at £ TV > ai 
it him to buy the crop 01 



n 7 cwt 3 qr coal at £19-82 a 
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7. An insurance agent is paid 17JP in every £ which he 
gets in orders for the manufacture of cosmetics. How 
much will he be paid for orders of £287? 

6. Unitary Method 

This method, which is often applied to money prob- 
blems, is helpful to those who initially have difficulties 
with the ideas of ratios, given in Chapter 8, q.v. As the 
name indicates, we reduce the cost to that of one article. 
An example will clarify the idea. 

Ex. 7. If a club pays £165 for 132 theatre tickets, how 
much will it pay for 183 at the same price per ticket? 
132 tickets cost £165 
1 ticket costs £1 gl- 
and so 183 tickets cost £{§i x 183 
= S2S8 75. 

Note that: (1) we delay simplification until the end, 
(2) using ratios {Ch. 8), we get the same result, but laid 
ontas^Xrtf. 

•Exercise 5 

1. If 8 plates cost aop altogether, how much will 14 plates 
be? 

2. Oranges are sold at 5 for i8p. How much, to the nearest 
ip, will 8 oranges cost? 

3. Find whether it is cheaper to buy 18 identical articles 
for 25P at one shop or 2<j of the same articles for 38p 
at another shop. 



RATIO, PROPORTION AND AVERAGES 



Suppose Mr. and Mrs. Barnett wish to buy a house and 
they see two which appeal to them. The first costs 
£4800 and the second costs £5600. We say that the ratio 
of the cost price of the first house to that of the second 
house is as £4800 is to £5600. This can be written: 

Cost price of first house _ 4800 
Cost price of second house ~~ 5600 



Another way of writing this is "the ratio of the prices is 
6:7". It is important that the numbers are put in the 
correct order. It will be seen that the £ signs on the right 
have been removed. This can always be done if the 
quantities, top and bottom, are the same. We have 
already used this idea in Chapter 4. 
Note "6:7 "is read "as six is to seven". 

Ex. 1. Osborn works 40 hours a week. Find the ratio 
of the time he works to the time when he is not working. 

Number of hours in a week 

Time working = 40 h 
Number of hours in a week = 7 X 24 = 168 h 
.-. Time not working = 168 — 40 = 128 h 
.-. Required ratio = 40: 128 
= 5:16. 

Ex. 2. Apples have been increased in price from 2o|p 
to 23P per kilogramme. In what ratio has the price been 
increased? 



The ratio in which price has been increased 
_ New Price 
~~ Old Price 
_ 23P _ 46 
- 2 o>p 41- 
In a case of this kind where the ratio is of two fairly 
large numbers a better comparison is made by expressing 
the result in the form x: i, i.e. making the new denomina- 
tor i, by dividing out by the original one. 

41)46(1-12 

50 
41 

90 

Ex. 3. A photograph 12 cm by 9 cm is to be enlarged 
to fit a frame of longer side 16 cm. What length is the 
shorter side of the frame? What is the ratio of the new 
area of the picture to the original area, if the shape is 
unchanged? 



Shorter side of frame 


Shorter side of photograph 


Longer side of frame 


~ Longer side of photograph 


Shorter side 


_ _9 


16 


12 


i.e. Shorter side 


= X 16 = 12 cm. 




_ 16 x 12 _ 16 


-'• Old area 


~ 12 x 9 9 



,\ Ratio o£ the new area to the original area is 16: 9. 
• Exercise i 

1. Find the ratio of 165 m to 275 Ion. 

2. What is the ratio of £1-19 to 73JP, in the form 

3. It costs /3-75 a day to stay in a hotel in September, 
and £29-40 a week in August. By comparing the cost 
of a week's holiday in September with that of a week's 



New' Price: Old Price £± 112: 1. 
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holiday in August find the ratio of the costs, in lowest 

4. Baker earns ^5-10 a day in a five-day week, and Hughes 
earns £34 a week. Find the ratio of their earnings. 
(Compare the amount earned by the men either in one 
day or in one week.) 

5. During a strike, two-fifths of Smith's wages were lost. 
In what ratio was his income reduced? 

6. During the week of a furniture sale, all furniture was 
reduced in the same ratio. If a piano originally costing 
^245 was offered at /182 what would be the sale price 
of a coffee table originally costing ^17-50? 

7. A man pays 4 2ip tax in every £1 he gets. What is the 
ratio of his net income (after paying tax) to the tax he 
pays (give the answer in the form «: 1, correct to 3 sig. 
figs.)? 

8. John has a bar of chocolate and he gives three-sevenths 
of it to his younger sister. What is the ratio of the 
amount he now has to the amount given away? 

9. Express 66-5 litres as an exact decimal of 152 litres. 

10. The ratio of a quantity A is to B as 4:5, and B is to C 

11. The profits of a firm totalled £3618 in 1970. If these 
profits are to be divided among three partners in the 
ratio 4:3:2, find how much each receives. 

12. A company manufactured cosmetics which it marketed 
at twice the cost of production in 1970. During 1971 the 
cost increased in the ratio of 4: 3 whilst the selling price 
was increased only in the ratio of 5:4. Calculate the 
ratio of the 1971 profit to the 1970 profit on each article. 

2. Variation and Proportion 

(a) Direct Variation. When two quantities are so 
related that their ratio remains constant, then either is 
said to vary directly as the other. If one quantity isy and 
the other is *, the ratio y - = k (a constant), i.e. y = kx, 

so if x — 1, y = k; x = 2, y = 2k and so on. 

As an illustration, consider speed (in km/h). It is 
defined as the rate of change of distance, or 

_ Distance (kilometres) 



Speed (km/h) - Time \ hou 



If the speed is v km/h, distance s kilometres and time 
t hours, we have 



.'. s = vt on multiplying both sides by t. 
Suppose a car is travelling at 48 km/h 

then s = 48*. 
In 10 minutes the car travels 48 x U = 8 km 
20 „ „ „ „ 48 X U = 16 „ 
30 „ „ „ „ 48 X U = 24 etc. 
If we draw a graph 10 with minutes plotted on the 
horizontal axis and kilometres on the vertical axis, we 
find the points obtained by marking off 10 minutes 
horizontally and 8 kilometres vertically (i.e. the point A 
whose coordinates are (10, 8); 20 minutes horizontally 
and 16 kilometres vertically (i.e. the point B whose 
coordinates are (20, 16)); and so on. We get a series of 
points A, B, C . . . lying on a straight line passing through 
the origin 0. 



(6) Inverse Variation. Definition. The reciprocal of a 
number x is one (i.e. unity) divided by x, i.e. -. 

When two quantities are so related that one of them 
varies directly as the reciprocal of the other, the numbers 
are said to vary inversely. If one quantity is y and the 
10 Graphs are explained in detail in Chapter 10. 




other is x, then y varies as -, i.e. j = ix - (where k is 
constant), or more briefly 



If x = I, y = fe; if * = 2, 5- = J*; if * = 3, y = V* 



ie notation as before 



If the time taken were 2 nr., v = = 120 km/h 

„ „ , 3 v = ^ = 80 „ 

4 f = *!* = 6o „ 
„ 5 » = = 48 „ 

If we were to draw a graph of speed against time, i.e. 
time (say in hours) horizontally and speed (in km/h) 
vertically we would no longer have a straight line, as we 
see by plotting the points (2, 120), (3, 80), (4, 60) etc. 

(The curve we get is actually called a rectangular 
hyperbola.) (See overleaf.) 

Had we, however, plotted a graph of - against I we 
would have obtained a straight -line graph. We could have 
forecast this, because, taking our present example, 



Putting - = w, then t = 2401a, which is an equation of 
direct variation connecting t and w, and as we saw in 
section 2(a) above, this will yield a straight-line graph. 



Ex. 4. Jones drives 115 J km in 1 hr 52 min. How long 
would it take him to drive 132 km at the same speed? 

(This is an example of direct variation: the greater the 
distance the greater the time.) 

If the distance is increased in the ratio 132 : r 1 5 J , then 
the time is increased in the same ratio; but the time was 
originally 112 min. 



New time = 




= 128 min = 2 h 8 min. 



Ex. 5. If 6 men take 20 days to paint a row of houses, 
how long would 8 men take? 

(This is an example of inverse variation: the greater 
the number of men the shorter the time taken.) 

If the number of men is increased in the ratio 8:6, the 
number of days is decreased in the ratio 6:8, i.e. it is 
multiplied by §. 

.'. Number of days = 20 X f 
= 15. 



When the problem takes a more elaborate form, it is 
often useful to invent compound units. If 5 men are 
employed for 6 days they will have done 30 man-days of 

Ex. 6. It costs £46 to hire 3 lorries for 5 days. How 
much could it cost to hire 7 lorries for 8 days? 
Cost of hiring 3 lorries for 5 days is 15 lorry-days 
„ „ „ 7 .... 8 „ „ 56 „ 
,\ Cost has increased in the ratio 56: 15 
.-. New cost = £46 x ff 

= e-\r- 

= £171-73. 



©Exercise 2 

1. The cost of a holiday is ^28-35 a week. How much 
would it cost for 12 days? 

2. If the average speed of a train is increased from 90 
km/h to 100 km/h for a journey of 240 km, find how 
much time is saved? 

3. Three partners would have to provide /3200 each to 
buy a business. What would be the cost to be borne by 
each, if there were 5 partners? 

4. An expedition is equipped with provisions for 28 days. 
How long would the food last if each member had his 
ration reduced by a quarter? 

5. If 3 men are paid a total of ^48-30 for 4 days' building 
construction, how much would it cost to employ 8 men 
for 7 days? 

6. Williams & Co. have undertaken to build a road 2 miles 
long in 12 weeks. They employ 69 men. After 10 weeks 
1^ miles have been constructed. How many more men 
must now be employed to complete the work on 
schedule? 

3. Proportional Parts 

If a quantity is divided into two or more parts so that 
there are a units in the first part, b in the second, c in the 
third, and so on, we say that the quantity is divided in 
the ratio a:b:c, etc. 



For example, if £150 is divided into three parts in the 
ratio 2:3:5, then the first part contains 2 shares, the 
second part contains 3 shares and the third part contains 
5 shares. Altogether there are 2 + 3 + 5 (= I0 ) shares. 

.". The first part contains A of the whole, i.e. 

£150 x A = £30 
• The second part contains fg of the whole, i.e. I 

„ , ,£ T 50 >< A = £45 
V. The third part contains A of the whole, i.e. j 
£150 x A = £757 

Ex. 7. A legacy is to be divided among May, John and 
Hilda in the ratio of 4:3:2. If the legacy is £720, find 
how much each receives. 
Altogether there are 4 + 3 + 2 shares, i.e. 9 shares. 
.-. May receives £| X 720 = £320 
John receives £f X 720 = £240 
Hilda receives £f x 720 = £160 
(Notice that J + f + f = 1, i.e. one whole legacy.) 



% Exercise 3 

1. Divide £50 among 4 people in the ratio 6:5:3: 1. 

2. Three men and 2 women are employed. The earnings 

amount earned is £450, find how much each receives. 
(There are 3 men each with 4 shares, and 2 women 
each with 3 shares.) 

3. Three fanners, Jones, Wright and Siddons, share graz- 
ing land for their cattle. Jones and Wright each have 
75 head of cattle and Siddons has 90. Jones removes his 
cattle after 2 months, but both Wright and Siddons 
graze theirs for 3 months. If the total rent is £129, 
calculate how much each should pay. 

4. Find which town has the greater proportional rate of 
increase of population: Town A (1966)— 217 800, (1967) 
— 222 300; Town B (1966) — 70 500, (1967) — 71 9°°- 

6. A tap can fill a bath with water in 5 minutes. The bath 
is emptied in 7 minutes when the plug is removed. 



How long would it take to fill the bath when the tap is 
on and the plug is removed? 
6. What is the ratio of 4j to 2j? Find the cost of 4 J tonnes 
of coal if 2j tonnes cost £40-50. 



4. Averages 

When an experiment is repeated a number of times, it 
is of value to know the average result. For example, a 
shopkeeper may make profits of £30, £28, £37, £33, £36. 
£24, £29, £35 in 8 successive weeks. In order to assess his 
average income during that time it is only necessary to 
add these profits and to divide the result by the number 
of items added. 

/. Average income = § {30 + 28 + 37 + 33 + 36 + 
24 + 29 + 35} 
= $ x 252 = S31-50. 

That the average gives the lest estimate of a number 
of events of this type is shown in books on statistics. 

Sometimes an item may be repeated a number of 
times. The principle remains unchanged. 

Ex. 8. 7 kg of tea at 82 Jp per kg are blended with 3 kg 
of tea at 90P per kg. At what price should the mixture 
be valued? 

There are 10 kg altogether. 
/. Average price = & {7 X 82|p + 3 X gop} 
= A {577ip + 27op} 
= Mip£i85p (nearest lp). 

When the average of a set of measurements, which 
differ only by fairly small amounts from one another, is 
required, the following artifice will often save labour. 

Ex. 9. The numbers of children in 14 classes in a small 
school are 31, 34, 32, 28, 29, 33, 30, 27,-31, 31, 28, 30, 32, 
34. What is the average number of children in a class? 

If we look at the classes we see that they do not differ 



much from 30, which we will assume is the average. We 
get the following differences: 



We put in the zeros to remind 
ourselves of the relevant classes. 
From the table, the total difference 
from 30 is +18 — 8 = -I- 10. 
Divide by the number of classes, 
i.e. 14. 

.". Average excess over 30, of each 
class, is +U £± +071. 
.'. Average size of a class is 
approximately 30 + 071 = 30-71. 



A curious anomaly can arise in calculating averages at 
cricket. It is the convention that when a batsman is "not 
out" at the end of an innings, he is credited with any 
runs made, but is not counted as having had an innings. 
Consider the following example. v 

Brown scored in 8 successive innings 5, 4, 6, z not out, 
4 not out, 3, 5 not out, 4. 

Number of runs scored = 5 + 4 + 6 + 2 + 
4+3+5+4 
= 33 

Number of completed innings = 5 

.-. Average = ¥ = 6-6. 

His average is therefore more than the number of runs 
he actually made in any innings! The fault lies in the 
system adopted; that an incomplete innings should not 
be counted is a purely arbitrary rule, and is not based on 
mathematical principles. The result can hardly be ex- 
pected to bear close analytical scrutiny. 



Different 


between 


actual number 
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- 


4 




3 


3 






18 





^Exercise 4 

1. Find the average of £624, £561, ^733, £247, ^995. 

2. 35 kg of butter at 49p per kilogramme are mixed -with 
210 kg of margarine at 3ip per kilogramme. Find (a) 
the ratio of butter to margarine in the mixture, in 
simplest terms, (b) the proportion of butter in the 
mixture, in the form x:i, giving the result correct to 
two decimal places, (0) the value in pence per kilo- 
gramme, correct to the nearest ip, of the mixture. 

3. If it takes 42 minutes to cover a journey at an average 
speed of 48 km/h, how long will it take to do the journey 
at an average speed of 56 km/h? 

4. A census is being made as to the number of passengers 
who catch buses in a particular area of a town. It is 
found that the average number on the 6 buses which 
serve on No. 1 route is 41, the average of the 8 buses 
which serve on No. 2 route is 37, and the average of the 
3 buses which serve on No. 3 route is 25. What is the 
average number of passengers carried on a bus in this 
part of the town? 

5. A train travels 30 km at an average speed of 64 km/h 
and a further 25 km at an average speed of 72 km/h 
Find the average speed for the whole journey. 

6. Smith's batting averages for 8 completed innings is 
16-5. He bats for a ninth innings, also completed, and 

How many did he score in his ninth innings? 

7. The number of voters in the constituencies in a city are 
22571, 24063, 23492, 22788, 23361, 24157 respec- 
tively. Find the average number of voters (to the 



PERCENTAGE, PROFIT AND LOSS 



1. Percentage 

When we wish to compare quantities, fractions are not 
always helpful. Nor are decimals necessarily suitable for 
quick calculation. For example, suppose we wish to com- 
pare the following: 

(a) A profit of I2jp on a cost price of 75p 
(6) A profit of lop on a cost price of 62jp 
(c) A profit of I5p on a cost price of £i. 

We need the fractions 

We could bring them to the same denominator, or 
express each as decimals. Neither is convenient for some 
purposes. In such cases we arrange matters so that all 
fractions considered have a denominator of 100. 



= i£% = 16f % (we write the denomi- 
nator ioo as the symbol %, called "per cent." from the 
Latin per centum = out of ioo). 



Now (a) 




Similarly (6) g-j 



125 
16% 

25 x 



and (c) ^ 



.•. The best profit in the above three transactions is 
(a)'relative to the others. It is the best return on outlay. 
It is not necessarily the largest cash profit; (c) is the 

We say that a profit of 3s. on an outlay of £1 repre- 
sents a 15% profit (fifteen per cent, profit). 

The symbols CP. for cost price, and S.P. for selling 
price will be used frequently. The difference between 
them is the profit made. 

i.e. S.P. - CP. = Profit. 
Ex. 1. Smith obtains 17 marks out of a possible 40 in 
a test. What percentage is this? 

& = Hxioo% = 42i%- 

Ex. 2. Express 17!% as: (a) a fraction in lowest terms; 
(6) a decimal. 

(b) & = 0-175. 4 )0700 



e very useful b 



5% of £1 = rU X £1 = ih X loop = 5i 
Similarly 10% ol £1 is lOp in the & and so 

one of the advantages of the new currency. 

Ex. 3. Find the value of 6% of £364-62. 
We require £ T {fo X 364-62 
= £6 X 3-6462 

Ct «21-88 7 (to the nearest ip). 



1. Express the following as percentages: 
(») i (t) I (0) t <<*) n W (/) 

2. Express the following as fractions in lowest terms: 

(a) i 5 % (b) 28% {c) 2 7 1% («) 160% W 33i% 



8. Express the following as decimals, correct to 4 decimal 
places, where not exact: 

(«) 35% <&) 33*% W I07i% (<*) 3i% («) iA% 
(/) 3f%- 

4. Express (a) 14 as a percentage of 45 

(6) I2jp as a percentage of £1 
(c) 27ip as a percentage of £3-25 
\d) 245 g as a percentage of 3i kg. 

5. Find the value of: 

(a) 71% of £120 (6) 2i% of £85 

(c) 16% of 3i litres (d) 8f% of £90-48. 



It is worth memorising the following relationships. 





5% = i 


„ = 0-05 


10 5°o% =i=o-5 


33i% = 1 


= 0-33. . . 




66|% = 


= o-66. . . 




75% = 


= o-75 



2. Percentage Profit 

Suppose a soldering iron were bought for £2 and sold 
at a profit of 25%. 

The profit = 25% of Cost Price 
= M X CP. 

= £2 x jffi, (for CP. = £2) 
= £\ = 50p. 

Also the S.P. = CP. + profit = £2 + 5op = «2.50. 
We see at once that this is a particular case of the formula: 
- - PereentageProfit^p ( , 



In another form, this gives on rearrangement: 
Percentage Profit x CP. = 100 X Profit 
Profit 

i.e. Percentage Profit = 100 x 



Ex. 4. An article is bought for £3 and sold for £3-87^. 
What is the percentage profit? 

CP. = £3. S.P. = £3-87* •■- Profit = 8 7 £p 
/. Percentage profit = ^2 x I00 o /o 

>o% 



3oop 



Now it is often important to compare cost price and 
selling price of goods. Suppose that in a certain trans- 
action a profit of p% is made (i.e. percentage profit is p). 
The profit is always worked on the cost price, not on the 
selling price. 

If, then, the cost price had been 100, the selling price 
would have been 100 + p. (For p% profit means p 
pounds profit for every 100 pounds outlay.) 

Now formula (1) above states that 

Profit = Percentage Profit x C , P . 
but Profit = S.P. - CP., and Percentage Profit is p. 

:, s.p. - c.p. = ^ x c.p. 

.-. 100 x S.P. - 100 x CP. = p x CP. 
' So 100 X S.P. = (100 + p) X CP. 

,.S.P. = ^XC.P. . . (3) 



These formulae are very useful and are easily under- 
stood and remembered if the work is laid out as under. 



Ex. 5. A watch is sold for £3-60 at a profit of 8%. 
How much did it cost originally? 
If the CP. had been 100, the S.P. would have been 108. 
Let the actual CP. be £x; the actual S.P. is £3 60. 



< 3 60 (as in formula (4) above) 



£i £3-33 (to the nearest ip). 

Ex. 6. As a result of evacuation during hostilities the 
population of a town decreased to 79 200, representing a 
drop of 12%. What was the previous population? 



As before, let F.P. = x 



900 

100 x 79 288 



Ex. 7. A toy costing 45p is sold at a profit of 20%. 
What is the selling price? 



CP. S.P. 
45P * 



Here the S.P. (=x, say) is the unknown quantity. 



= 6 x 9p = 54p. 

Ex. 8. An author receives £28 on accoun 
articles. If this represents 35% of the amo' 
gether, how much more can he expect to rf 

£28 is 35% of the total, so that 65% h 
paid (to make the total of 100%). 

Let £x be the remainder due. 



Amount Paid Amount Due 



& more payment due later. 



9 3 ARITHMETIC 

% Exercise 2 
1. Find the selling price if: 

(a) the cost price is £4, profit is 20% 

(b) the cost price is 2375. profit is 16% 

(c) the cost price is 62 Jp, loss is 12%. 
8. Find the percentage profit or loss if: 

(a) cost price is £4, selling price is £4-50 
(6) cost price is £4, selling price is £3 
(c) cost price is ^2-08, selling price is £2-73. 
8. Find the cost price if an article is sold for: 
(a) £3 at a profit of 20% 
(fc) £1-20 at a loss of 20% 
(c) £1-32 at a profit of 33 \%. 

4. Find the value of the following, correct to the nearest 
iP= 

(a) 2i% of £7-82 

(b) 5i% of ^34-57 
M 9i% of ^504-91. 

5. The diameter of the earth is 7913 miles and that of the 
sun is 864 367 miles. What percentage of the sun's 
diameter is that of the earth? (Correct to 2 significant 
figures.) 

6. During a year Smith spends £1026, which represents 
95% of his income. How much does he save? 

. 7. The rate in the pound charged by a local authority is 
found to be 68p. Of this, household refuse removal 
costs 2-64p. What percentage of the rate in the pound 
is this? (See Ch. 15.) 
8. To insure a building under a comprehensive policy, the 
premium asked by a particular insurance company is 
23P per £100 insured. What percentage is this of the 
sum insured? What would it cost to insure a house worth 
£4250? 

3. Harder Percentage Problems 

There are extensions of the principles indicated above 
which have practical applications in everyday life. 

We shall first consider the changes which take place in 
successive transactions. Goods are sold by a manu- 
facturer to a retailer, who in turn sells them to a customer. 
There is a profit made on each part of the business, but 
in dealing with the percentage change in price we may not 



Ex. 9. Smith & Co. make chairs at a cost of £3 50. 
They sell them to Brown & Tomkins' Furniture Stores 
at a profit of 20%. The price at which they are sold to a 
customer ensures a profit of 25% for Brown & Tomkins. 
What is the retail price and how much per cent, is this 
greater than the original cost price? 



CP. Manufacturer's cost 
S.P.r Wholesale selling price 
S.P.2 Retail selling price 



C.R 








X 










x 







= m. i.e. S.P.2 = iU X S.P.I 
= H§, i.e. S.P.I = IU X CP. 



= m x iM x £3-50 



Also 



\2 is § X IOO - 150. 

)%. (Not 45% as would 



.-. If CP. is 10 
.-. Percentage 
have been obtained by adding the si 
per cent. We could, if we had known them, have added 
the actual profits, and found the percentage increase 
altogether as 

1st Profit + 2nd Profit roQ 
Cost Price 

Let us next investigate the percentage error made in 
measuring lengths, areas and volumes. Now error is the 
difference between calculated and true values, so percent- 
age error is given by 



True value ~ "~ ' (l) 

The symbol ~ means difference between the quantities 
on either side of it, putting the larger one first. It is not 
difficult to see that in practice the true value may not be 
known exactly, although the greatest margin of error 
may be. In this case a practical modification of (i) would 



Calculated Value 



. (2) 



The relationship (2), which is not an equation, can lead 
to some fairly difficult problems, so we shall content our- 
selves with applications of equation (1) and very simple 

application of (2), however, as in measurement with a 
ruler. A ruler is not an exact instrument. Suppose we find 
that the length of a line is 8 in. We can assume that the 
ruler is accurate within -J* 0 - of an inch. Therefore, the 
percentage error in taking the length of the line as a true 
8 in is likely to be less than 



so we cannot find tl 

Ex. 10. A rectangular field 80 m long and 120 m wide 
is called by Farmer Brown a hectare field. What is the 
percentage error? 

Actual area = 80 X 120 = 9600 m 2 
Rough area = 1 hectare = 10 000 m 2 



'. Percentage ei 



;. the field is 4$% smaller than claimed. 



4J% 



Discount. Discount is a reduction given on the normal 
price. A shopkeeper may offer a reduction in the marked 
price of goods during a sale. A typical example would 
read "During this week there is a reduction of 10% on 
all marked prices". It could equally well read "10% dis- 
count on all marked prices during this week". 

Now 10% of £i = lop; and the sale price is 100 — 10 
= 90 per cent, of the marked price, i.e. 9op has to be 
paid out of each £1 marked. 

Alternatively, we have 

Sale Price = X Retail Price. 

Ex. 11. A tape recorder is sold for £60-90 normally, but 
a discount of 5% is allowed for immediate cash pay- 
ment. How much would a customer pay if he offered 
outright purchase? 

Normal charge = £60-90. 

Reduction of 5% means that the reduced charge is 
i s 0 % of the normal charge. 

,\ Cash payment = £60-90 x t£s d0 '9 

= £60-90 x 0-95 _£^5 x 
£i £57-85. 3 045 

54-8i 
57-855 

(The reader will note that, as so often happens, we use 
more decimal places in money than we require in the 
answer. The interpretation of £0-005 as op or ip seems 
to be something of a matter of courtesy.) 

0 Exercise 3 

1. During each year a car loses 15% of its value at the 
beginning of the vear. What is its value in January 
1973. if it cost £800 in January 1970? 

2. Smith has £1000 worth of goods. He sells ^850 worth at 
10% profit and the remainder at 5% loss. What per- 
centage profit did he make on the whole transaction? 

3. A shopkeeper selLs a clock for f d i, thereby making a 
profit of 20%. 1 )uring a sale he allows a discount of 10% 
on the marked price. What is his new percentage 



4. A merchant pays ^4'37i for a pair of steps. He nor- 
mally sells them at a profit of 20%', but allows a 
discount of 5p in the pound during a January sale. 
What is the sale price (to the nearest penny)? 

5. A room is measured roughly as 10-5 m by 12*5 m. Its 
true area is 120 m 2 . What is the percentage error in 
measurement of the area? 

6. A grocer buys sugar at ^2-45 for a 50 kilogramme chest. 
He sells the sugar at 4P a J kg bag, but 5% is wasted 
on making it up into bags. What is (a) his actual profit, 
(6) his percentage profit on one chest? 

7. What percentage increase is necessary to change a loss 
of 5% into a profit of 5%? 

8. A householder spends one-sixth of his income on rent, 
one-quarter on food and one-ninth on clothes. He spends 
£1040 on these items in 1970. During 1971 bis rent in- 
creases by 5%, his food costs by 10%, and the cost of 
clothes by 8%. How much does he spend on these in 
1971? What is the overall percentage increase on rent, 
food and clothes? 



4. Mixtures 

An introduction to problems involving mixtures was 
given in the previous chapter, under the section on 
averages. We will now consider inverse problems on 
mixtures, and include percentage profit. 

Ex. 12. In what proportion should coffee at 66p a kg be 
blended with coffee at 74P a kg, if the mixture is to be 
sold at 85p a kg, thereby making a profit of 25%? 

Wehave^4g^ = m = | 

/. CP. of mixture = f x 8sp 
= 68p. 

Coffee at 66p a kg costs 2p less than mixture. 
Coffee at 74p a kg costs 6p more than mixture. 
.*. 3 parts of the cheaper coffee are mixed with 1 part 
of dearer. 

[For in each 4 kg, 3 x 2p (=6p) too little is charged 
and 1 X 6p (=6p) too much is charged.] 



Cheaper coffee 66p 

«. 

/ V 

Dearer coffee 74p 2 parts of dearer coffee 

i.e. number of parts of cheaper coffee to number of parts 
of dearer coflee is 6:2, i.e. 3:1. 



1. Coffee at 81 $p a kilogramme is mixed with coffee at 
75|p a kilogramme. In what proportion should they be 
mixed, if the resultant blend is worth 78p a kilogramme? 

2. 15 kg of tea at 72P a kg are mixed with 21 kg of tea at 
8op a kg. At what price per kilogramme must the 
mixture be sold to make a profit of 20%? 

8. Find the percentage profit on selling, at io£p per 
kilogramme, a commodity which costs £4-35 for a 50 kg 

4. If milk costing op a litre is mixed with water, of negli- 
gible cost, in the ratio of 5: 1, and the mixture is sold 
at iop a litre, wliat percentage profit is made? (Not a 
very reputable dairy, this!) 

5. Wine at 8ip a bottle is mixed with wine at ,£1-16 a 
bottle. In what proportion are they mixed, if the mixture 
is sold for /i-20 a bottle, giving a profit of 25% ? 

>2 play bridge, 74 attend the 
ana 55 piay * 

7. Fifty-three passengers are riding on a bus. Some take 
3P tickets and the rest have jp tickets. Altogether then- 
fares come to ^2-03. How many 5p tickets were issued? 



ARITHMETICAL GRAPHS 



1. Plotting and Interpreting Graphs 

Information provided in words often takes some time 
to assimilate. If, however, we can represent the situation 
pictorially we can grasp quickly the salient features 
present. Reading a set of numbers gives no clear image 
to remember, whereas a diagram will be retained in mind 
for a considerable time. 

It is accepted practice nowadays to give diagrams and 
pictures wherever possible to clarify important points 
in many forms of study, particularly when scientific or 
technical. For example, only a limited number of people 
would read a book on animal life, and having read it 
still less would not have forgotten most of the contents 
within a very short space of time. On the other hand, how 
vast a number is enthralled by natural-history films! 
It requires no great mental effort to sit back in a cinema, 
watching a film: reading is a sterner test of self-discipline. 
Visual aids form an integral part of modern education 
and graphs are a form of visual aid. 

We will assume that we are given two quantities x 
and y, where y changes in value when x changes. If we 
wish to mark a point on a diagram to represent a par- 
ticular pair of values of x and y, we can do so by 
measuring the distance of the point from each of two 
perpendicular straight lines, called the axes. We measure 
x horizontally (in the direction OX in fig. i) and y 
vertically (in the direction OY in fig. i). The point 0 
where the axes meet is called the origin. The lines OX, 
OY are the horizontal and vertical axes respectively. 

Suppose a cyclist is travelling at 20 km/h. He will go 
20 km in 1 hour, 40 km in 2 hours and so on. We can 
plot a series of points, laying off time (in hours) horizon- 
tally, and distance (in kilometres) vertically. Our first 
point P is found by measuring 1 hour horizontally and 



then laying off 20 km vertically. We call the point P 
(1, 20); the numbers 1 and 20 are the coordinates of the 
point. Q is the point (2, 40) and is given by 2 hours 
horizqntally and 40 km vertically. Similarly we get R 
(3. 60) etc. 



If we then join P, Q, R . . . we find that we have a 
straight line. Further, this line passes through 0, as is 
reasonable, for the cyclist will have gone 0 miles in 0 
hours. If we wish to know how far he would go in 2f hours 
we lay off a vertical line HK, through H, the point 2| on 
OX, meeting the straight line graph at K. We then 
draw KL horizontally, meeting OY at L. OL (=55 km) 
is the required distance. 

This is a very simple example of an arithmetical graph. 
Graphs take various forms. Some consist of separate 
parallel lines (bar charts), others are polygonal (that is, 
they consist of connected lines joining a set of points in 
order. If A, B, C, D . . . is the set of points in order, then 
the lines AB, BC, CD . . . form a polygonal graph). 
Yet again, other graphs are smooth curves. The type of 
graph used depends on the nature of the information 
provided (see fig. 2). 




It is worth bearing in mind two points when drawing 
graphs: 

(1) It is not essential for the origin O to be the point 
where both quantities being laid off shall be zero. Some- 
times it is in fact undesirable for it to be zero. 

(2) The scales for x and y need carefully choosing so 
as to make the graph as large and well shaped as possible, 
bearing in mind that the necessary points must all ap- 
pear on the graph paper. Fig. 3 illustrates these two 
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Ex. 1. A motorist travels an hour and a half at an 
average speed of 50 km/h and then he stops for half an 
hour. He then continues his journey at a speed of 50 
km/h. Find how far he has gone 2j hours after starting. 



If he started out at 10.0 a.m. and a motor-cyclist starts 
on the same journey at 11.30 a.m. and travels at 90 
km/h, find when and where the motor-cyclist overtakes 
the motorist. 

We use graph paper marked out in large squares of 1 
unit and small squares of ^ unit side. Mark off hours 
along OX, taking a scale of 1 unit to represent 1 h. Lay 
off distance in miles along OY, taking a scale of 1 unit to 
represent 40 km. 

We see that the motorist's journey consists of three 
straight-line parts and the motor-cyclist's graph is a 
single straight line beginning i| hours later. We plot the 
points (o, o) and (1, 50) for the motorist, stopping this line 
1 J hours after starting: we then lay off a horizontal line 
for half an hour as he has not changed his distance: 
finally we lay off a line through (2, 75) and (3, 125) 
representing the last stage in his journey. The points 
(i£, 0), (2J, 90) will give the motor-cyclist's graph. 
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We see from the graph that (1) the motorist is 87J 
km on his way after 2J hours (2) he is overtaken by the 



motor-cyclist at 12.45 p.m. at a distance of 112J km 
from their starting point. 



Ex. 2. A patient with a high fever has his temperature 
taken every four hours. From the following set of results 
draw a temperature graph. Find from it the highest 
temperature. Does the fever show signs of abating or 
not? 




We lay off time horizontally using 1 cm for 4 hours: 
temperature vertically, using 2 cm for i° C. 




1 



From the graph we see that the highest temperature 
is 39'45° C and that it occurs at about 2 a.m. on rgth 
November 1970. The highest temperature on the follow- 
ing day was only 387° C and the fall appears to be 
maintained. The graph suggests that the fever has 
passed its peak. 



0 Exercise i 
te is dropped down a well and the distance fallen 
ious times is given by the following table. 



If the splash, when the stone strikes the water, is heard 
i-8 seconds after releasing the stone, estimate the depth 
of the water level below ground, from a graph. If the 
well had been 24 m deep to water level, how long would 
' ' :e the splash was heard? (Neglecting 



le for so 



:o travel.) 



!. It is 291 km from London to Manchester. An express 
train leaves London at 8.40 a.m. for Manchester and 
travels at 83 km/h. A goods train leaves Manchester 
for London at 10.10 a.m. and travels at 55 km/h. 
Find when they will pass one another, and their dis- 
tance from London at that moment, by drawing a 
o straight lines inter- 



t. A manufacturer advertises his wares and over a period 
of time finds the following table gives a comparison of 
net profit agains^ - J — ' 



Draw a graph of Profit (in £s), plotted vertically, 
against cost of Advertising (in £'s), plotted horizontally. 
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From your graph, find the best amount to pay in 
How do you account for the shape of the graph? 



2. Histograms and Frequency Distributions 

Sometimes the data are of such a nature that we do 
not know precise points to plot. This often occurs in 
statistical work. In the measurement of heights of 
children of a particular age, it might be found that 4 
were between 1-57 m and 1-58 m, 12 were between 1-58 m 
and 1-59 m and so on. It would not be practicable to 
indicate every precise height, nor would it be of any 
real value. In such a case we plot frequency of observa- 
tion against the observation range, and build up a 
diagram known as a histogram. 

We will illustrate the principle by an example. 

The following table indicates the marks obtained out 
of 100 by 60 candidates for an examination. 



Table A. 



Maximum 100 





33 


43 


82 


39 


14 


70 


60 


62 


64 


54 


29 


47 




41 


77 


57 


62 


36 


7i 


54 


59 


8i 


53 


53 


17 


58 


45 


72 


55 


43 


37 


5i 


50 


3 


47 


64 


59 


74 


66 


64 


5i 


49 


40 


25 


38 


60 


36 


58 


60 


91 


68 


83 


60 


58 




48 


77 


72 


58 



As it is presented (the order in which the marks ap- 
peared on the papers when examined) the information 
conveys nothing to the reader. It is necessary to re- 
organise the marks in a systematic form, and to group 
them into suitable classes. For example, the first class 
might be the number of candidates who obtained from 
o to 9 marks, the second class the number who obtained 
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between 10 and 19 inclusive, and so on. We then 
Table B. 



Inclusive 
mark range 


Frequency 


Inclusive 
mark range 


Frequency 


0- 9 




50-59 


15 




3 








4 


70-79 


7 


30-39 


6 


80-89 


3 


40-49 


9 


90-99 





We now construct a histogram of frequency against 
mark range. 
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This diagram clearly indicates the distribution of 
marks obtained. The marks could, however, have been 
grouped under an entirely different schematic arrange- 

From the previous table B construct a new table C by 
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finding the number of candidates who obtained fewer than 
a specified number of marks. 

Table C. 



No. of candi- 
dates getting 


Frequency 


No. of candi- 
dates getting 


Frequency 






60 


38 








49 


3° 


8 




56 


40 




90 


59 


50 


23 




60 



The table is constructed as follows (from table B): 




IO JO JO » 50 6O ' TO SO 90 IOO 
NUMBER OF MARKS (X) 
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We then draw a smooth curve, called a cumulative 
frequency curve or ogive, with the number of candidates 
getting fewer than x marks plotted vertically against x 
marks plotted horizontally (Graph p. 106). 

From the ogive, various interesting results can be 
read off at once. The median mark is the mark obtained 
by the ^ = 30th candidate, and is 55, so half of the 
candidates obtained over 55%. (Strictly speaking, if 
there are n candidates, the median mark is that of the 
* J th candidate). 

The quartiles divide the distribution into 4 equal 
parts. There are three quartiles, of which the middle one 
is the median already defined. We can alternatively 
calculate the median mark from the table C: 23 candi- 
dates obtained less than 50 marks, 38 obtained less than 
60 marks, therefore a good estimate of the mark of the 
30th candidate is 

5° + (g^g) x < 6 ° - 5°) = 50 + * x 10 

= 54-7 Ch 55, which 

agrees with the graphical result. 

Suppose the pass mark to be 50%. We see from the 
ogive that the number of candidates who failed is 23, so 
60 — 23 = 37 passed. 

The percentage of success was 

ft x 100 = 61-7%. 
0 Exercise 2 

1. In a certain district it is found that the numbers of 
children in families gives a frequency distribution as 
follows: 



Number of 
Children in 
the Family 








3 




5 




7 


8 


Frequency 11 


82 


147 


251 


107 













11 i.e. Number of families in which this occurs. 



io8 



. , , m ogive. From the latter 
find the median, and indicate its position in the former 

2. Take table A (on page 104) and from it construct 
frequency table like table B, but using mark 
0-4, 5-9, ic— 14 etc., and from your table plot a 
gram. Compare it with that given on page 105. Com- 
ment on their difference in appearance. 

3. Construct an ogive for the following table of heights, 
and find the median height. 



Height in Metres^ 



Frequency 



_ Total of all the heights /, x A + /. X K + . ■ . 
- Number of heights ~ A +/, + ... . . 

where f x is first frequency, h t is first height; etc. 
" The height given is the mid point of the interval; e.g. 175 m 



MENSURATION OF 
RECTANGULAR FIGURES 



1. The Area of a Rectangle 

Mensuration is the measurement of geometrical quanti- 
ties, such as lengths of lines, areas of plane or curved 
surfaces, and volumes of solids. 

Inthischapter we shall consider ra;teig»to- plane figures 
and solids, and applications of these shapes to problems. 

A rectangle is a plane figure, popularly known as an 
oblong, having the properties that its opposite sides are 
equal in length and parallel to one another, and all its 
angles are right angles. 13 If all the sides of the rectangle 
are equal, then the figure is a square. 

If we have a square, I cm long and 1 

I cm broad, we say that its area is I 

square centimetre (cm 2 ). 

Suppose now that we have a rect- 
angle ABCD, 4 cm long and 3 cm 

broad. Draw lines 1 cm apart dividing | 

it into i-cm squares as shown. Each D C 
row contains 4 squares, but there are 3 rows. 

The number of squares = 4 x 3 = 12 squares, and 
we say that the area is 12 cm 2 . 

In general if the length of a rectangle is / cm and its 
breadth is b cm, its area = ixicm 2 . . (1) 

In formula (1) if the area is A cm 2 we have 



.-. I X 



= 1 X b (more shortly, A = lb) 



<n dividing both sides by either b or by I in turn. 

13 A minimum definition of a rectangle is much more restricted 
han this, namely, that it is a parallelogram having one right 



in words: 1^- *"^ . 

Breadth = Arearf^angle _ 

The formulae (i), (2) and (3) a 
rat the subject of the for; ' " 
:o be found) has been cl 



In rectangle PQRS, the perimeter is P I Q 

PQ + QR+RS + SP I 1 

=l+b+l+b ii \b 

= 2l + 2b I I 

= 2(1 + b). SIR 
In words, the perimeter of a rectangle is twice the sum 
of its length and breadth. 

The perimeter of a circle is the length of its circum- 
ference, and is 2nr (where r is the radius), as we shall 
see later. The perimeter of a polygon (a figure bounded 
by straight lines) is the sum of the lengths of its sides. 

Ex. 1. Find the perimeter and area of a rectangle 
6 m long and 5 m wide. 

Area = Length x Breadth 
= 6 X 5 m 2 
= 30m 2 

Perimeter = 2 (Length + Breadth) 
= 2 (6 + 5) m 
= 22 m. 

Ex. 2. Find the area of a rectangle 2-641™ by 3 45 m. 

/ = 3-45 m, b = 2-64 m 2-64 
.-. A = lb = 3 45 X 2-64 m 2 3-45 x 

£i 911 m 2 (to 2 decimal 1320 
places). !. 05 6 
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Note. It is worth remembering that, on the Continent 
where a century of experience has been' gained, measure- 
ments of length are quoted in the largest suitable unit in 
general use, e.g. 

(a) 7 4 cm, not 74 mm. 

(b) 176 m for the height of a person, not 176 cm. 
Corresponding procedure is adopted for area and for 
volume, e.g. 

(c) 7460 cm 2 would be correct, but 

(d) 7-46 m 2 would be used for 74600 cm 2 (for 
10 000 cm 2 = 1 m 2 ) ; one could, of course, use 74 600 cm 2 
in the actual working of a problem. 

• Exercise i 
Find the areas of the rectangles with the following 
dimensions (questions 1-5), giving the answer correct 
to 2 decimal places where necessary: 
1, 7 cm long, 10 cm wide 

3. 1-62 m long, 477 m wide 

4. 12-85 km long. 36 4 m wide (answer in km 2 ) 

5. 6-42 m long, 7 mm wide (answer in cm 2 ). 

6. Find the perimeters in questions 1-5 above. 

7. The area of a rectangle is 24 m 2 . If it is 8 m long, what 
is its perimeter? 

8. A rectangular room is of perimeter 24*2 m and length 
7-5 m. What is its area? 

9. A field is of area 9 hectares and is of rectangular shape. 
The length of one side is 360 m. Find the length of 
the perimeter. 

10. A rectangular flower-bed 10 m by 8 m is increased to 
10-5 m by 8-5 m. What is the percentage increase in 

3. Applications to Plane Figures 

If we wish to find the cross-sectional area of a body, 
such as the casting illustrated, it is easily found by 




We have 7-5 mm = £ cm. 

/. Area required = A -f B -| C 



When we have a piece removed from a lamina (i.e. a 
plane body like a piece of plywood, of almost negligible 
thickness), or if we wish to calculate, say, the area of a 
lawn surrounding a flower-bed, we subtract the removed 
(or inside) area from the whole area. We do not divide 
the remaining area into small rectangles, as this leads to 
unnecessary labour. 



Ex. 3. A path of width r-5 m is to be laid round a 
rectangular lawn 25 m by 14 m. Calculate the area of 
the path. (See diagram overleaf.) 
Length of whole region = 25 + i\ x 2 = 28 m 
Breadth of whole region = 14 + ij X 2 = 17 m 
.". Total area (path + lawn) = 28 x .17 = 476 m 2 
Area of lawn = 25 x 14 = 350 m 2 
/. Required area of the path = 126 m 2 . 




Ex. 4. Find the cost of fertilising a rectangular lawn 
49 in by 21 m with fertiliser bought in packets each 
costing I5p, if a packet will cover 90 m 2 . 

Area of lawn 49 X 21 m 2 

Area covered by packet = 90 m 2 



/. No. of packets required = 



11H. 



.'. 12 packets are required, as shopkeepers are loath to 
sell if of a packet. 

.'. Total cost = 12 X I5p = fil-80. 

A particularly useful application of the area of a 
rectangle is the assessment of the quantity of wallpaper 
required to paper a room, or the amount of distemper 
needed for a ceiling. 

A "piece" of wallpaper is 10 m long and 50 cm wide. 1 * 
Its area is therefore 10 x 0-5 m 2 = 5 m 2 . The room 

to be decorated should be thought 1 . 1 j 1 

of as having the walls laid out flat. \h 

(Length = / m, breadth = 6 m, I ! L_J 1 

height = Am.) I b I b 

14 This is not exact. At the time of -writing, the author measured 
cm to 51-8 cm.^fter trimming. The 5m* isasaie guide and allows 
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The total length = perimeter of room 

= 2 (I -f b) metres 
„\ Area of walls = Total length x height 
= Perimeter x height 
= 2 (1 + b) h square metres. 
Although it is not customary to paper doors or 
windows, there is no necessity to deduct their areas from 
the quantity of paper estimated, unless they are very 
large. The difference is useful in making up for wastage. 
Another practical point is to remember to allow extra 
for matching patterned paper from one strip to the next! 



•Exercise 2 

1. Find the areas of the given figures. All the angles are 
right-angles. 




All the measurements in this question are in centimetres. 
The shaded areas have been cut out. 

2. A photograph 25 cm by 22-5 cm is placed inside a frame 
of overall size 30 cm by 25 cm. What is the uncovered 
area surrounding the photograph? What is the ratio of 
this area to that of the photograph? 

3. A lawn is 11 m by 8'4 m. Two rectangular flowerbeds 
are cut in it, each of size 3 m by 2-5 m. What is the 
area of the lawn remaining? How many turves 1 m by 
30 cm would be needed to cover this remaining area of 
lawn, and what would be their cost at 3p each? 

4. A rectangular room is 5-35 m long and 4-4 m wide. Its 
height to the picture rail is 2-3 m. Calculate the area of 



"5 



the four ■ 



paper requL' 



;r the w; 



mber of p 



„, _jw, it were decided to paper the end walls with 
paper of one kind and the side walls with paper of 
another sort, would it be necessary to order more 
paper? How many pieces of each sort would be needed? 
6. The diagram represents a rectangular box. If all the 
external faces are to be painted except the base, what 
is the area to be dealt with? (Answer in square metres.) 




4. Volume of a Cuboid 

A cuboid is a solid with rectangular faces. It c 
desired, be called a rectangular parallelepiped! 




Consider a box 4 cm long, 3 cm wide and 2 cm high. It 
can be imagined as divided up into a number of cubes 
each 1 cm x 1 cm x 1 cm, i.e. each of volume 1 cm 3 . 

The top layer has 4 x 3 of these cubes, and the second 
layer has the same. .\ Altogether there are 4 X 3 X 2 
cubes, i.e. 84 cubes, but the volume of each cube is 1 
cu. cm. /. Volume of cuboid = 24 cm 3 . 
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This result can clearly be extended to a cuboid of 
length I m, breadth b m and height h m, giving 
Volume of cuboid = 1 x b X h m 3 
= (I X i) Xim ! 
= Area of base x height 
If we call the volume, V m 3 , we have 
I X b x h = V 

•'• A = r^6 (ormoreshortl y^ 

i.e. h = J (where A is the base area). 



(This last formula, h = -j, applies to many solids which 
are not cuboids. It does in fact apply to prisms in general. 
Thus, the formula V = A x h is of widespread use — e.g. 
in calculating the volume of material in a girder of given 
cross-sectional area and length.) 

Ex. 5. The volume of a tank is 30 m 3 . Its length and 
breadth are 3-5 m and 2-4 m respectively. Find its height. 
„ . ,,_ Volume _ 30 
e ' g ~ Length x Breadth ~ y^X~2^ m 
= 3 oj<_ I oo 25 

35x24 7 -°°' m - 

Ex. 6. How many bricks 24 cm x 12 cm x 8 cm are 
required to build a wall 5-5 m long, 3-6 m high, and 24 cm 
thick (ignoring thickness of mortar)? 

Volume of brick = 24 x 12 x 8 cm 3 
Volume of wall = 550 x 360 x 24 cm 3 

/. Number of bricks = 550 X 360 * 24 
24 x 12 x 8 

i.e. 2063 bricks are required. 
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Notes. (1) The cancellation of the 24 cm length is not 
artificial for the length of a brick is equal to the thickness 
of a double-width wall. 

(2) Simplification is delayed until the end. 

(3) The actual number of bricks required in practice 
would have to be greater, as some are cut. One might 
perhaps add 5% to the final answer. 

(4) The size of the metric brick is more accurately 
225 mm X 112-5 mm x 75 mm, but this does not allow 
for the thickness of mortar. 

5. The Box 

In assessing the volume of material used in making a 
box, there is a point to bear in mind when thickness of 
material cannot be neglected. If the box has a lid, there 
are two thicknesses of material in each direction. If 
there is no lid, there is only one thickness in a vertical 
direction (assuming the box is standing on its base). 

We would normally know the external dimensions of 
the box and the thickness of material. 

Consider the lidless box shown. The external length, 
breadth and height are L, B, H respectively. 



Suppose the thickness of the wood used is t {measured 
in the same units as L) B and H). 

External length = L, Internal length = L — 2t 
External breadth = B, Internal breadth = B — 2t 
External height = H , Internal height =H — t 
;. External volume = LBH 
Internal volume = (I - 26) (B - 2t) (if - t) 
.'. Volume of material used 




= LBH — (L — 2t) (B — 2t) (H — t). 
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If the box had had a lid, then 

Volume of material used 

= LBH — (L — 2t) (B — 2t) (H - 2t) 
where H in this case is measured to the top of the lid, 
when closed. 

Ex. 1. Find the volume of material used in making a 
box, without a lid, of external measurements 23 cm long, 
14 cm broad and 9 cm high. The wood is 5 mm thick. 

B = 14 cm B — 2t — 13 cm 

# = 9 cm H-t =8-5 cm 

.". Volume required 
= (23x14x9- 22 X 13 X 8-5) cm 3 

- 467 cm 3 . 

0 Exercise 3 

1. A garden swimming-pool is 8 metres long and 4-5 metres 
broad. It contains water to a depth of 1-4 m. Find the 

ing that the bottom of the pool is horizontal. 
8. Water flows into a tank 12 m long and 9-45 m broad. 

How long will it take for the water level to rise by 1 cm, 

if the rate of flow is 150 litres a minute? (Give the 

answer correct to the nearest second.) 
3. A sheet of metal is 3-2 metres long and 1-25 metres wide. 



hi tonnes, t 

5. Find the volume of wood required to make a box of 
internal dimensions 47 cm, 34 cm and 22 cm, if the. 
wood is 1 cm thick, and the box is to have a lid. If the 
wood costs 6op per square metre surface area, find the 
cost of wood needed to make the box. (Allow 20% for 
wastage, i.e. buy 20% more than is used.). 



6. A path 36 m long is to be laid in a garden. If the width 
of the path is 1-2 m, find the cost of covering it with 
gravel to a depth of 8 cm, taking the cost of gravel to be 
87JP a cubic metre. 
6. The Area of a Triangle 

Suppose we have triangle ABC (the symbol for triangle 
is A). 

Construct a rectangle BCDE on the same base BC and 
of the same height as A ABC, then DE passes through A. 
Draw AX perpendicular to BC. 




The diagonal line AB divides rectangle AEBX into 
two equal parts. 

.". A ABX = J rect. AEBX 15 . . . (1) 
Similarly A ACX = J rect. ADCX . . . (2) 
In fig. 1 add these 

.-. A ABC = A ABX + AACX 

= i rect. AEBX + i rect. ADCX 
= i rect. BCDE. 



In fig. 2 subtract (2) from (1). 
.-. A ABC = A ABX - A ACX 

= I rect. AEBX - i rect. ADCX 
= i rect. BODE. 
Both cases give the same result. Now area of rect. 
BCDE = BC X DC, but this is the same as BC X AX 
/. A ABC = I BC X AX 

= 1 base x height 

= J bh (if base = b units, height = h units). 

Ex. 8. Find the area of the side of the lean-to green- 
house shown. 




Draw BE perpendicular to AD. 
AE = 2-6 m - 2-0 m = 0-6 m 
Area of ABCD = A ABE + rect. BCDE 

= |X BE x AE + BE x ED 
= i X 2-15 X 0-6 + 2-15 x 2 m 2 
= 0-645 + 4-3 sq. m. £h 4-95 m 2 . 

7. The Area of a Trapezium 

A trapezium is a quadrilateral (four-sided figure) with 
one pair of opposite sides parallel. 



In the trapezium ABCD, join AC and draw AX per- 
pendicular to CD produced, and CY perpendicular to AB. 

Let AB = a, CD = b, AX = YC = h (because AB is 
parallel to DC). 



Area of trapezium = A ABC + A ADC 

= i AB x CY + £ DC x AX 
= J ah + I bh 
= £(» + b)h. 
.-. Area of a trapezium = half the sum of the parallel 
sides x their distance apart. 

8. The Volume of a Eight Prism 

A right prism is a solid of uniform cross-section, the 
end sections being perpendicular to the generating edges. 
A greenhouse is prismatic in shape, and so is a girder. 



The Volume of a prism = area of cross-section x 
length. 

Ex. 9. Find the area of the given figure, ABCDE. 
Angles A, C and D are right angles. 




Area of figure ABCDE 

= Area of A ABE + Area of trapezium BCDE 
= i AB x AE + i (BC + ED) x DC 
= {£ x 12 x 5 + i (6 + ii) X 12} m 2 
= {30 + 102} m 2 = 132 m 2 . 

Notice that we take AB as base of A ABE, so that 
AE is its height, because AE is perpendicular to AB. 
Further, ED is parallel to BC because both are per- 
pendicular to DC. 

• Exercise 4 

1. Find the areas of triangles with the following measure- 
fa) base 6 m, height 9 m 

(6) base 2-5 cm, height 3-6 cm. 

2. A triangle is of area 112 cm 2 and its height is 14 cm. 
Find the length of its base. 

8. Calculate the area of a trapezium in which the parallel 
sides are 172 m and 2-38 m and which are 74 cm apart. 
Give the answer in square metres. 



6. Find the mass of a girder made of steel if it is 8 m long 
and is of cross-sectional area shown. All the angles in 
the figures are right angles. Steel has a mass of 7710 
kilogrammes per cubic metre (kg/m 3 ). 



9. Square Root 

The square root of a given number N is a number y 
which, when multiplied by itself, gives N. That is 

jxj = n 

i.e. y 2 = N 
y is the square root of N. It is written 

Some numbers have exact square roots, e.g. 
V9 = 3 (because 3x3 = 9)- 

The sequence of numbers 1, 4, 9, 16 . . . which are 
perfect squares have exact square roots, 1, 2, 3, 4 ... . 

Most numbers do not have exact square roots. Con- 
sider V3- 1x1 = 1, 2x2 = 4/. V3 lies between 1 
and 2. Trying again we have 1-7 X 1-7 = 2-89 and 
1-8 X l'8 = 3-24, so more accurately V3 ues between 
17 and 1-8. Now it would be very tedious to find square 
roots by trial-and-error methods such as this. (Teach 
Yourself Books — New Mathematics, Chapter I, p. 24, 
develops the idea.) There is, however, a simple way of 
finding square roots as accurately as we wish. 

We will illustrate this method by examples. 



(i) 2 




(ii) 45 






2 25 


(iii) 507 


35 




35 







x. 10. Find V 66 °49- ( Tlie square root is exact.) 

2 5 7' 



,\ V 66 °49 = S 57 - 



The steps are as follows. 

(a) Pair off the numbers both ways from the decimal 
point if there is one. If not, pair off from the right-hand end 
[e.g. 6 60 49]. 

(b) Find the largest number which, when multiplied ' 
by itself, does not exceed the first paired group. (In this 
case 6.) The number is 2, for 2 X 2 = 4. 3 would have 
been too big, for 3 x 3 = 9. Put the 2 on the top line 
and at (i). 

(c) Subtract the result 4 from 6. 6 — 4 = 2. Bring 
down the next fair 60, making 260. 

(d) Double the 2 at (i) and write the result at (ii). 
Find the largest number which can be written after the 
4 at (ii), and the result multiplied by this new number 
to give a number smaller than 260. The number is 5, 
because. 45 X 5 = 225. The number 6 would have been 
too big, for 46 X 6 = 276, which is bigger than 260. 
Put the 5 on top and next to the 4 at (ii). 

(e) Subtract 225 from 260. 260 — 225 = 35. Bring 
down the next pair 49, making 3549. 

(/) Double the last figure only of the 45 at (ii) and re- 
write at (iii). Result is 40 + 5 X 2 = 50. Find the 
largest number which can be written after the 50 and 
the result multiplied by this new number to give a 
number which will not exceed 3549. The number is 7, 
because 507 x.7 = 3549 exactly. 



Ex. 11. Find V3 correct to 3 decimal places. (The 



1-7 3 




27 




343 



29 



3462 



7100 
6924 



3464 



I 76 00 



.*. Correct to 3 decimal places, -\/3 — 1-738. 

The determination of the position of the decimal point 
requires care. For the student who is learning from a 
book of this nature, probably the best method is to make 
a rough approximation. Suppose we wish to find the 
square root of 0-447. 

Now we get V 0 447 equal to 668 • • • (by tne process 
already indicated) with a decimal point somewhere; but 
0-6 X 0-6 = 0-36 and 0-7 x 07 = 0-49. ,\ V 0 '447 lics 
between o-6ando-7. .\ y/vwj = 0-668 

Multiplication of a number by 100 multiplies the 
square root by 10. Division of a number by 100 implies 
division of the square root by 10. Take care to avoid the 
common mistake V2 ^ 1-4142. ,\ Vo-2 — O'M 1 4 2 - The 
number 2 has been divided by 10, so that its square 
root should have been divided by Vio> i.e. by 3-162. 
The actual value of -y/o-2 is approximately 0-4472. 

Ex. 12. Find V 0 ' 00 635, correct to 3 decimal places. 



From the above method: 









o-oo 63 50 00 


7 


49 
— 


149 








1586 


10900 




95 16 







Check: 0-07 x 0-07 = 0-0649; °"° 8 X 0-08 = 0-0064. 
.-. VWB33 = 0-0796. . . . J± 0080 (3 d.p.). 

♦ Exercise 5 

Find the square roots of the following numbers, 
exactly: 

1. 5329 2. 925 444 8. 9 096 256. 

Evaluate the following, correct to 4 significant figures: 

4. V2 s - V l6 ' 8 3 6. V4-937 

7. V 2I 9-9 8. V6423 9. V°-397 

10. V° - °5 8 4 U. V° - o°7 56 18. V°' 00 ° 773- 

10. Pyihagoras's Theorem and Bight-angled Triangles 

Suppose we have triangle ABC with a right-angle at C. 
The side opposite the right-angle is called the hypotenuse. 
Let the length of the sides opposite angles A, B, C be 
a, b, c units respectively. 
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Pythagoras's Theorem states that the square on the 
hypotenuse of a right-angled triangle is equal to the 
sum of the squares on the other two sides. 
In our diagram, c 2 = a 2 + b 2 . 
If, for example, a = 4 cm, b = 3 cm 
then c 2 = 4 2 + 3 2 

= 16 + 9 = 25 
,\ c = 1/25 = 5 cm. 
A right-angled triangle such as this, wherein the three 
sides are integral, i.e. are whole numbers, is called 
Pythagorean. 
Other examples of Pythagorean triangles are: 
(a) 5, 12, 13: for 5 2 + 12 2 = 169 = 13 2 
(6) 8, 15, 17: for 8 2 + 15 2 = 289 = 17 2 . 
Ex. 13. Find the longest side of a right-angled triangle 
in which the other sides are 1 m and 2 m. 
Let the length be x. 

••• * 2 - i 2 + 2 2 = 5 
so x = V5 = 2 236 m. 
Ex. 14. Find a in the given figure, in which AC = 15 m, 
BC = 11 m and angle ABC = 90 0 . 




We have a 2 + 11 2 = 15 2 

/. a 2 = 225 — 121 = 104 
.-. a = V104 
■n. 10 2 m. 



Ex. 15. A lean-to greenhouse has end sections as shown. 
The shaded area indicates the height to which bricks are 
used in its construction, the rest being covered with 
glass in steel supports. The greenhouse is 3 m long. 
Calculate the volume of air in the greenhouse. Also find 
the area of glass required in its construction, neglecting 
the thickness of the steel. 




-I-Sm- 



Cross-sectional area of greenhouse 

= \ (r-6 + 2-3) X 1-8 m 2 
.". Its volume = \ x 3-9 X i-8 X 3 m 3 

= 10 53 m 3 . 

Area of glass = Area of front + 2 X Area of End + 

Sloping Roof Area. 
Now AB is found by Pythagoras's Theorem, by draw- 
ing AC perpendicular to the wall. 
AB 2 = AC 2 + BC 2 = (i-8) 2 + (2-3 - i-6) 2 
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Sloping roof area 

= 3 X 1-932 . = 579° m * 

Area of front 

= 3 x (i-6 - 1) = 3 x 0-6 = i-8oo m 2 
2 x Area of Glass End 

= 2 x i (0-6 + 1-3) X 1-8 = 3-420 m 2 

.•. Total area of glass = 11-016 m 2 
i 11 m 2 . 

9 Exercise 6 

1. In the triangle ABC, angle C is a right-angle. Find the 
value of the unknown side in each of the following cases: 




Find the hypotenuses of right-angled triangles, given 

that the other two sides are: 
3. 63, 16 3. 3. 7 4. 9-4. 16-8 

6. 209, 476 6. 93-5. 46- 8 ?• o-86, 0-72. 

8. Find the third side of a right-angled triangle in which 
the hypotenuse is 23 cm and one side is 16 cm. 

9. A ladder of length 7 m rests with one end on hori- 
zontal ground and the other against a vertical wall. If 
the distance of the foot of the ladder from th& bottom 
of the wall is 1-4 m find how far up the wall the ladder 
reaches. (Answer in metres, correct to the nearest 
centimetre.) 

10. The figure ABCD represents the end section of a shed. 
Angles C and D are right angles. If BC = 2 m, 
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1. Indices 

In Chapter 3 brief reference was made to the idea of 
an index. It is now necessary to investigate this concept 
a little more closely. 

Consider 4 x 
.-.4X8 = 

Also 27 x 81 = 



In each of the above, the final index is found to be the 
sum of the original indices: 2 + 3 = 5; 3 + 4 = 7. 

This suggests that when we multiply two numbers 
together, if we could express them as powers of some 
other number (powers of 2 or 3 in the above examples), 
then we could replace the process of multiplying the 
original numbers by the simpler process of adding the 
indices of the new numbers. 

Now this is not a very helpful idea unless there is some 
easy way of (a) converting the original numbers to 
powers of some other number (called the base) and (b) 
converting the result (2 5 or 3 7 in the above examples) 
back into an ordinary number. Fortunately, however, 
there exist sets of tables for this very purpose. The 
method by which they are constructed is quite simple 
but is outside the scope of this book. 

The base which we use in logarithmic work in arith- 
metic is the number 10, as this accords with our decimal 
system of counting. It is not, however, the only base in 
general use, 18 but it will Suffice for our needs. Logarithms 

18 Logarithms are first calculated, in making up tables, to the 
base e — 2-718 28. . . . Logarithms to the base e are called Naper- 



3. We know that 4 = 2 



= 3-3-3- 3-3-3-3 



to the base 10 are called common, or Briggian, logarithms, 
consider io 2 x io 3 = io 5 . 
Now io 2 = 100, io 3 = iooo, io 5 = ioo ooo. 

2, 3, 5 are called the logarithms of ioo, iooo, ioo ooo 
respectively to the base io. They can be written 

2 = log 10 ioo, 3 = log 10 iooo, 5 = logi 0 too ooo. 

We now need 4 important formula. If x and y are any 
numbers, 

10* X IO*' = IO 3 ** . . . (1) 
IO 1 IO* = IO 1 -!' . . . (2) 
(10^ = 10*" . . . (3) 
Vio* = 10** . . . (4) 

We shall not attempt the general proof of these 
formulae but shall verify them for a few simple cases. 

We have already seen that io 2 x io 3 = io 5 which 
verifies (1). 



io 6 which verifies (3) 



V10 6 = V(io.io)(io.io)(io.io) = io 2 which v 
fies (4) as f = 2. 



= IO 2 if (I) is tO 

= 10 2 as multiplica- 

by one does not alter the value of a quantity. 
)° must be defined as I. 
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We then have the following basic table. 



Number 


Logarithm (to base 10) 












3 




4 ' 



• • (5) 



We observe that the logarithm of each of these numbers 
is one less than the number of whole digits in it. This is 
important, as will be seen later. 

So far we have confined ourselves to numbers which 
are whole powers of ten. We must now extend our ideas 
to cover intermediate numbers. 



2. Graphical Considerations 

Let us construct a graph of the function y = io*, 
i.e. the graph in which * is the logarithm of y to. the 

Using table (5) above, and plotting the values of x 
(the logarithms o, I, 2, 3 . . .) along the horizontal axis, 
and the values of y (the numbers 1, 10, 100 . . .) along the 
vertical axis, we get a set of points (o, 1), (1, 10), (2, 100), 
(3, 1000) as shown. It is necessary to use different scales 
for * and y because of the rapid increase in y. 

Join up the points by a smooth curve, and we can then 
read off the logarithms of intermediate values. 

For example, log 800 £i 2-9, that is 800 = io 2 ' 9 . 

The graph clearly shows that every number between: 

1 and 10 has a logarithm between o and 1; 
10 and 100 has a logarithm between 1 and 2; 
100 and 1000 has a logarithm between 2 and 3 etc. 

Now 800 = 8 x 100 = io 2 x 8, so if 8 = io*,' we can 
see that io 2 xio I = io 2 - 9 . Therefore x = 0-9. 

.'. The logarithm of 8 differs from the logarithm of 
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800 only by its whole number part. This idea is perfectly 

^ The logarithm of any number consists of: 

(1) A whole numberpart, called the characteristic, which 
depends only on the number of figures before the decimal 
point in the given number; 

y 




(2) A decimal part, called the mantissa, which depends 
on the actual figures present, irrespective of the position 
of the decimal point. 

3. Logarithms 

Turn to the table of logarithms, part of which is re- 
constructed on page 136. 
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A 


I 
B 


C 


P 


Q 


I 




No. 


Log 












3 






2-3 
2-4 
2-5 


•3617 
•3S02 
•3979 


3636 

3820 
3997 


3655 
4014 






4 

3 


6 

5 
5 





Suppose we require log 2-4. We read 2-4 down the 
left-hand side. In the column under Log, headed A, and 
opposite 2-4 we read 3802. 

/. log 2-4 = 0-3802. 

Similarly if we had wanted log 24 we would have used 
the same mantissa (-3802), but a new characteristic (1), 
determined by the rule in section 2 above, because 24 
lies between 10 and 100. 

.'. log 24 = 1-3802. 

Proceeding thus, we see that log 240 = 2-3802, that 
log 2400 = 3-3802 and so on. 

When the given number has three significant figures in 
it, such as 2-42, we read the first two numbers, as before, 
down the left-hand side; but now read off the result 
under the column, headed C, for the third figure (2) in 
2-42. 

/. log 2-42 = 0-3838, log 24-2 = 1-3838, similarly 
log 242 = 2-3838 etc. 

If the number were, say, 2-51, we would read 2-5 down 
the side and pick out -3997 under the column for 1 
(headed B). .\ log 2-51 = 0-3997. 

Finally, when the given number has four significant 
figures, such as 2-313, we read off the first two down the 
left-hand side and the third in its appropriate column 
(in this case 1, headed B). This gives 0-3636. The fourth 



figure is entered in the mean difference column, in th* 
same row as before, and under the column for thi 
fourth figure (in this case 3, column R) we read off 6. 



We add the figure obtained (in the above it is 
the last figure in the mantissa, as shown. The aire 
fig. 2 should make the procedure clear. 

A brief explanation may be helpful. 



Now 2-313 is to of the way from 2-31 to 2-32. We may 
therefore conjecture that log 2-313 is very near 1% of the 
way from 0-3636 to 0-3655; but |# represents a move of 
0-0019. 

/. ts represents a move of ts X 0-0019 = °' 00 °57 — 
0-0006 to 4 decimal places, and this is the figure which 
we obtained from the mean difference column. 

This process of estimating the difference between one 
number and another and calculating a fraction of this 
difference is called interpolation. It is a powerful mathe- 
matical method, widely used in statistical and actuarial 

A few examples are now shown, using the logarithm 
table on pages 223-224. The student should verify them 
for himself. He should learn to add differences (where 
necessary) mentally as soon as possible. 



No. 


Log 


No. 


Log 


47 


0-6721 


8-647 


0-9369 


8 


0-9031 


92-36 




2-97 


0-4728 


104-9 





©Exercise i 

1. Find the logarithms of the following numbers: 
•(«) 6 (b) 9-2 (c) 31 {d) 1-64 

(?) 7-25 (/) 6- 4 8 fe) 86-2 (A) 197 
' 4-845 W 32-41 (A) 317-2 (2) 1-048 
(m) 164 000 (n) 9-897 (0) 545 o (p) 70-98. 

2. Draw the graph of y = log * from » = i to» = : 



5 values 



x as follows: 



Firstly, c 



■4771 



:e the above table, then, taking the 

metre apart on graph paper. Mark each centimetre on the 
y-axis as o-i units as indicated in the sketch. Join the 
points obtained from the table above by a smooth curve. 
^When completed, from your graph read off the values 

log 6-5, log 3-7, log 8-3; 
and also the numbers whose logs are 0-42, 0-59, 0-20. 
Check your results from the table of logarithms. 



It should be possible to get the result ac 
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4. The Four Rules of Logarithms 

The four formulae (i), (2), (3), (4) given in section 1 
above constitute the four rules of logarithms. 

I. When we wish to multiply two numbers, we add 

-their logarithms. 
II. When we wish to divide one number by another, 
we subtract the logarithm of the denominator 
from that of the numerator. 

III. When we wish to find they* power of a number, 
we multiply the logarithm by this power, y. 

IV. When we wish to find they* root of a number, we 
divide the logarithm by y. 

Some examples will soon make this clear, but we must 
first find how to use the antilogarithm-table. 
Suppose we wish to find 3-624 X 18-5. 



No. 


Log 


3-624 




i8- 5 




+ 


1-8284 u 



°;5592 | from the logarithm table 



Now this is only of value if we can find the number 
whose logarithm is 1-8264. That is, we require the anti- 
logarithm of 1-8264. Turn to the antilogarithm tables on 
pages 225-226. Below is the required part for this example. 



Log 






5 


6 








3 






•81 
•82 
■83 


6457 
6761 




6531 
6683 
6839 


6546 
6699 

6855 






3 
3 
3 


5 
5 
5 


6 
6 

6 





In using the antilogarithm table, only the mantissa is 
entered, i.e. 0-8264. Remember that the characteristic, 1 
in this example, only determines the position of the 
decimal point in the answer. We enter the table in 



exactly the same way as before in all other respects; 
•82 down the left-hand side, 6 along the top, 4 in the 
difference column, as indicated by the arrows. 

Entry -8264; antilog is 6699 + 6 = 6705. 

To determine the position of the decimal point, note 
that by section 2 above 1-8264 is the logarithm of a 
number between 10 and 100. 

Antilog 1-8264 = 67-05, and this is the required 

^Exercise 2 
1. Find the antilogarithms of the following: 

(a) 0-6154 (&) 0-3047 («)' o-8995 (<*) 0-0019 
(e) 1-2700 (/) 1-0809 {g) 2-4677 (h) 4-6021 
(i) 0-9879 0) 0-7788 (k) 3-4186 (/) 5-5109. 

Ex. 1. Find the value of 1-986 x 2-324. 
. No. I Log Rule I. 

1- 986 0-2980 

2- 324 0-3662 

+ I 0-6642 Antilog 0-6642 = 4-613. 



Ex. 2. Find the value of 327-9 4- ji-t 



No. 


Log Rule II. 


327-9 


2-5157 


71-8 


1-8561 




0 6596 Antilog 0-6596 = 4-566. 


.3. Calculate 3"947 X 86- 4 3_ 




93-77 


No. 


Log 


3-947 


0.5963 Rule I 


86-43 


1-9367 


+ 


2-5330 Rule II 


93-77 


1-9720 




0-5610 Antilog 0-5610 = 3-639. 



Ex. 4. Evaluate (3-942)*. 



No. 


Log 


3-942 


0-5957 




2-3828 



Rule III 
Antilog 2-3828 = 241-4. 

Ex. 5. Find the cube root of 71-2. 

Rule IV 
3 = 4145. 

For emphasis, we repeat the following rules: 
A. Numbers between 1 and 10 have characteristic o 



is used in the table it 



No. 


Log 


71-2 


1-8525 


-H3 


0-6175 



1, 3-47 X 9-18 2- 6i-3 X 2-054 3. 322 X 2-76 

4. 1-048 x 32-95 S. 3-646 X 1-922 6. 307-4 x 296*6 

7. 38-4 -r 9-77 8. 6-029 5"73 9- 3724 + 7*7 

10. 3985 -7- 21-76 11. 36-88 + 9-828 12. 67 500 -f- 43-84 



The student will probably have noticed that hitherto 
we have restricted ourselves to numbers greater than 1. 
Suppose, however, we require the logarithm of a num- 
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ber less than i, say 0-6248. Before we can discuss this in 
detail it is necessary to consider powers of ten again. 

Rule (1) in Section 1 gave us 

10* x 10? = io*** 

Suppose now that x — 4 and y = — 1. 

but we know 10* X |__i"o_] = iq3 
so therefore 10- 1 and rV must be the same quantity. 
We infer that IO" 1 = rV = o-i 




.-. The logarithms of numbers which lie between 0 and 
1 are always negative. 

Now we know that 0-6248 = 6-248 x iV 
.-. log 0-6248 = log 6-248 + log to, but we have seen 
that the log tV = — 1 from above. 
.-. log 0-6248 = 07958 — 1 
= 1-7968. 

We put the minus over the characteristic to show that 
this is negative, but that the mantissa is not. It is really 
a short way of writing — 1 + 7958- 
Similarly log 0-06248 = 07958 - 2 
= 2-7958 
log 0-006248 = 07958 - 3 

= 3-7958 and so on. 
We can now extend rule A in section 4 above: 
Numbers between 

100 and 1000 have characteristic 2 etc 
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Ex. 6. Find the logarithms of 0-82, 0-004 7*. 0-005 238. 





Log 


0-82 

0-005 228 


1-9138 
3-6730 
37184 



1. Find the characteristics of the logarithms of the follow- 
ing numbers: 

(a) 3-94 (b) 0-7287 (e) 31 950 (<*) o-ooo 622 
(e) 0-093854 (/) o-ooo 06 (£)o-oioo8. 

3. Find the logarithms of the following numbers: 

(a) 0-2194 (6) 0-063 (e) 21776 (d) 0-000952 6 
(«) 0-09091 (/) 0-8637 (g) 0-00000062. 

3. Find the antilogarithms of the following: 

(a) 2-645 (6) 2-645 (c) 1-9837 (<*) 4"7*7 
(e) 6-9 (/) 3-9289 (g) 1-0099 (A) 7-7687. 

Manipulation with negative characteristics requires 
care. Their difficulties are best illustrated by examples. 

Ex. 7. Multiply 0-6284 by °"739- 



No. 


Log 


0-6284 


1-7983 


o-739 


1-8686 


+ 


1-6669 



.-. 0-6284 x 0739 = 0-4644. 
The point to observe here is that the carrying figure 
to the characteristics column is positive, whilst the 
characteristics are themselves negative. 

.•.I + i + i = i, for this is the same as 



Ex. 8. Multiply 0-0094 by 21-3. 



No. 


Log 


0-0094 


3-9731 


21-3 


1-3284 


+ 


1-3015 



■3015 Antilog 1-3015 = 0-2002. 



Here, 3 + 1 + 1 = 1. 
Ex. 9. Evaluate 6-205 -H o- 



No. 


Log 




0-^927 


0-8381 


ii-9233 




o-86 94 _ 



■8694 Antilog 0-8694 = 7-403. 

We borrow +1 from the bottom characteristic so 
that we can get 1-7 — 0-9 = 0-8. Paying it back makes 
the bottom characteristic — 1 + 1 = 0. 

.". Final characteristic = 0 — 0 = 0. 
(Alternatively, putting it in full, 
0-7927 - (-1 + 0-9233) = 0-7927 + I - 0-9233 
on changing the sign of everything inside the bracket, 
giving 1-7927 - 0-9233 == O-8694.) 

Ex. 10. Find the value of (0-862)'. 



No. 


Log 


0-862 


1-9355 


X3 


1-8065 



/. (0-862) 3 = 0-6404. 
In this case 3 x I = 3. add 2, giving 1. 
1. 11. Find the value of *V 0-0729 



No. 


Log 


0-0729 


2-8627 




i-7i57 
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2 and get a whole number, 
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We cannot divide 4 into 
we proceed as follows: 

2-8627 H- 4 = (4 + 2-8627) 4-4 = 1 + 0-7157- 
The characteristic is always made into an exact multiple 
of the divisor. 

Ex. 12. Evaluate j^ZE* 
V 3940 > 



No. 


Log 


31-46 


1-4977 
0-8987 


+ 


2- 3964 

3- 5300 




2-8664 




i-4332- 


3940 
o-86 


3-5955 
1-9345 


— + 


3-5300 



-> Antilog 1-4332 = 0-2711. 



We (1) add the numerator logs; (2) add the denomin- 
ator logs; (3) subtract the second result from the first; 
(4) divide the result by two to get the square root of the, 
original expression. 



2. 0-89 x 0-414 
6. Vo-o97 45 



12. 164 -T- (0-928)* 
14 ""38 

' (o-645) 2 X 319-7 

16. V(o-8228) 3 . 



i 4 6 



6. Harder Problems and Applications to Formulae 

The student will by now have realised the power of 
logarithmic work to simplify difficult calculations. 
There are, however, certain pitfalls to be avoided. 

3-624 0-283 
" 0-914" 

The difficulty about this seemingly harmless expression 
is the plus between the two quotients. We have to work 
out each quotient separately, and to make it perfectly 
clear the example is worked below. 



Consider ^- 



No. 


Log 


No. 


Log 


3-624 


0-5592 


0-283 


1-4518 




0-9054 


0-914 


1-9609 




i-6538 


1-4909 



Antilog 1-6538 0-4506 
Antilog 1-4909 0-3096 
+ 0-7602. 

The antilogarithm of each part must be taken before 
the final addition. The same care must be exercised 
when there is a minus between two expressions. 

Let us now consider the accuracy of our answers. The 
tables which we have been using are four-figure tables. 
We have to appreciate therefore that the fourth figure is 
not usually exactly correct, but is an approximation. 
For example, log 2 = 0-30103 ... is given in the tables 
as log 2 = 0-3010. If, however, we work out 2 3 by logs we 
get the following: 



No. I 



Log 
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tables. If we corrected the answer to three signif- 
icant figures we should get 7-998 £± 8-oo, which is 

We can, therefore, expect that, in using four-figure 
tables, our answer will be correct to three significant 
figures? except when long and involved expressions or 
high powers (e.g. 3 14 ) occur. In this case the answer may 
be accurate only to two significant figures. 

From now on we shall carry out all working to four 
significant figures and correct the answer to three 
significant figures. 

Formulae form an integral part of the modem world, 
especially in engineering and scientific work. Many 
people need to gain speed and accuracy in calculat- 
ing certain results by substituting known values of 
given quantities in a formula and evaluating the ex- 
pression so obtained. Four possible methods can be 
considered : 

(1) Long calculation. This has been discussed in detail 
earlier. 

(2) Logarithms. 

(3) Slide Rule. Small books of explanation are usually 
provided at the time of purchase. 

(4) Computer. The basic arithmetic is referred to in 
the last chapter of this book, but the use of a computer 
requires special training. 

Logarithms are more accurate than slide-rules. Four- 
figure tables are not the only ones in general use. Inman's 
Nautical Tables, used in the Royal Navy for navigational 
work, are five-figure tables. Norie's Tables, used in the 
Merchant Service, are six-figure tables. There are sots of 
seven-ligure tables in common use, e.g. Chambers' 
Mathematical Tables. There are also tables of greater 
accuracy. 

Ex. 13. The time of oscillation of a compound pendu- 



lum is given by T = 2"J -r- Find T when I = 3-5, 




g = 9-81, k = 2-94. 
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We have 



/ (2- 94 ) 2 
v«x 9-81 



2 •"•(2-94) 
V^5X 981 
= 3 15. 

(Note— The final log, 0-4985, was 
obtained by subtracting (ii) irom (i).) 

£ Exercise 6 
1. Evaluate |2i-^ 9 l 



Wo. 


Log 


2-94 
_ + 


0- 4971 
Q-4683 

1- 2664 (i) 


981 


0-9917 


+ 


1-5358 




0-7679 (ii) 




0-4985 



J 7bi 



0-008 472 
find T when J = 1-6, £ = 9-81. 

+ 2/s occurs in the study o 



4. The formula v 2 

dynamics. 

Find (i) v. if u = 17-3, / = 0-62, s = 8( 
(ii) if if « = 0,^38-4. /=<>•<« 
(hi) /, if u = 61-4, » = 80, s = 7-7. 

5. The area of a triangle is gi ven by the foi 

A = Vs (s — a) (s — A) (s 
lengths of the sides and 5 is 
s - i(a 4 6 + c)). Find A, if 

6. The formula for a gas expandii 



the' serS-per 



7. The focal length oi 



n by the formula 



THE CIRCLE, CYLINDER, CONE 
AND SPHERE 



1. Definitions: Properties of a Circle 

A circle is a path traced out on a plane by a point 
moving so that its distance from a fixed point, called the 
centre, is always constant. This distance is called the 
radius, r, of the circle. 

A chord of a circle is a straight line, such as CD in 
fig. I, which terminates at the circle at both ends. 




Fig. i. 



A diameter is a chord passing through the centre 0. 
AB is a diameter, of length d, say. All diameters of a 
circle are equal and they are all bisected at O. 

Now OA = OB = r, as both are radii. 

.-. AB = OA + OB = zr. 

The circumference of a circle is the distance round its 
edge. It is equivalent to the perimeter of a polygon. We 
shall use C to stand for circumference. 

One of the earliest references to an important property 
of the circle occurs in the Bible (2 Chronicles iv, 2) and 



reads as follows: "Also he made a molten sea of ten 
cubits Irom brim to brim, round in compass, and five 
cubits the height thereof; and a line of thirty cubits 
did compass it round about." The cubit was a length of 
about 50 cm. 

Now this gives a circumference of 30 cubits for a 
circle of diameter 10 cubits, and leads to an early esti- 
, ,. Circumference , . 

mate of the ratio — as being 3. The ratio, 

Diameter 6 J 

circumference divided by diameter, is constant for all 
circles, but the value 3 is a very rough approximation. 
More accurately, it is 3y (or a value often used today 
when great accuracy is not needed. The exact value of 
the ratio is n (pi). It is an incommensurable quantity, 
that is, one which cannot be estimated exactly. Very 
accurate approximations, however, have been made to 
hundreds of places of decimals. 

Here are some approximations: 

» = ¥,« = 3-142, " = 3-i4i6. 

Actually n = 3-141 592 653 589 793 238 46 ... to 20 
decimal places. 

Archimedes devised an ingenious method of approxi- 
mation for 71. He inscribed and circumscribed 96-sided 
regular polygons round a circle, and pointed out that 
the circumference of the circle lay between the perimeters 
of the polygons in length. This led him to deduce that 
n lay between 3^ and 3M. 

There is an infinite series of terms which would give 
71 exactly if we could sum the series. It is 



and is called Gregory's series, but it should be pointed 
out that many terms would have to be taken to give a 
reasonable value of 71. This formula can be found easily 
by Integral Calculus. Other series giving n also exist. 

In this book we shall take n as either -f- or 3-142 
according to our requirements. The former is often used 



when logarithms are not needed in the question, and the 
latter is used otherwise. 

^ ^ Circumference _ 

' Diameter 

.'. Circumference, C = nd = %a (because d = %r). 

The area of a circle is jit 2 , that is, a multiplied by the 
square of the radius. This formula can also be obtained 
by calculus. 

Akmes, an Egyptian, found quite a good approxima- 
tion to the area of a circle, nearly 4000 years ago. He 
suggested that f of the diameter be taken and the 
result squared. This is equivalent 20 to taking ji as 3-1605 
instead of 3-1416. 

Now, area of circle, A = jtf 2 = *(^) . (as r = \d) . 



So we can obtain the circumference and area of a 
circle, given either radius or diameter, but the student is 
advised always to use C = qmt, A = nr 2 to avoid mis- 
takes. He should therefore convert diameter to radius 
wherever necessary. 



A = jw 2 
= 38-5 cm 2 . 



When using logarithms, it is useful to remember that 



152 



Ex. 2. Find the radius of a circle of area 0-35 m 
We have m 



0-35 m 2 ^ 






3500 


35oo 


3-5441 
0-4971 






3-0470 




1-5235 


33-38 
334 cm. 







Ex. 3. A reel of thread is to be 100 m long. If the 
radius of the reel is 1-5 cm, find how many turns there 
must be on the reel. (Neglect the thickness of the thread.) 

In a problem of this kind we take the radius as the 
average radius, neglecting the thickness of the thread. 

Length of 01 



15 ci 



". Number of turns 

_ Length of thread 



No. 


Log 




4-0000 (i) 


3 


0-4771 




0-4971 


+ 


0-9742 (ii) 


(i)-(ii) 


3-0258 



£t 1060 turns. 

• Exercise i 

1. Find the circumferences of the circles whose radii are: 
(a) 14 cm (6) io- 5 cm (0) 4 cm (d) 75 cm (* = ¥)• 

3. Find the areas of the circles whose diameters are: 
(a) 4 - 2 cm (6) 1-54 m (c) 27-5 cm (d) 5 cm (k = ¥•) 



:s diameter and it 



5. What is the circumference of a circle of area 2 m 2 ? 

6. A piece of rope is 88 m long. How many complete turns 
can-be made round a drum of diameter 75 cm? 
Neglect the thickness of the rope. 

7. A bicycle wheel is of diameter 66 cm. How many turns 
does it make in travelling one kilometre? 

8. In a bicycle there are 48 teeth on the sprocket wheel to 
which the pedals are attached. There are 18 teeth on the 

bicycle. How many times does the rider have to turn 
the pedals in travelling 400 m, if a bicycle wheel is of 
diameter 72-5 cm? 

2. The Cylinder 

The name cylinder covers a fairly large field of solid 
bodies. We shall restrict our definition to the right 
circular cylinder. 

A cylinder is a solid with circular ends and all its 
generating lines parallel. All its right sections are circles. 




It can be generated by revolving a rectangle round one 
of its edges (e.g. by revolving rectangle ABCD in fig. 2 
about the line AD). 



The area of the curved surface of a cylinder is znrh. 
This is easily proved. Suppose we wrap a piece of paper 1 
exactly once round the cylinder and then unroll it (fig. 3). 




The length PR of paper unwrapped 

= Circumference of circle = w. 
The height of the paper RS = h. 
,'. Area of curved surface of cylinder = Area of PQSR 
= PR x RS = w x h = &ah. 
The total surface area of a cylinder is trie sum of the 
areas of the curved surface and the two ends, so it is 
given by 

2nrh + zjw 2 = 3jir(r + h). 

Ex. 4. Find the volume of a cylinder of diameter 6 cm 
and height 7 cm. Find also its curved surface area. 
We have r = 3 cm, h = 7 cm 
.-. V = yzfh 



Curved surface area = 2jrrA 




15 cm. The lid is to overlap the top of the can by 1-6 
(Neglect thickness of metal.) 

The area of metal required is the same as for a car 
height 16-6 cm. 

.'. Total surface area = w(r + h) 

= 2nX 6-5 X (6-5 + 16-6) c: 
= 2 x ¥ X 6-5 x 23-1 cm 2 
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3. Material Used in Making a Pipe 

A pipe can be thought of as two co-axial cylinders 
(i.e. cylinders with the same axis). It is easy to find the 
volume of material used by subtracting the inside 
volume from the whole volume. 




Let R, r be the external and internal radii respectively. 
Then, volume of material 

= Volume of larger cylinder — Volume of smaller 

cylinder 
= nR 2 h - nr 2 h 
= nh(R 2 - r 2 ) 

The student who has done a little algebra will notice 
that R 2 — r 2 can be factorised into (R + r)(R — r), and 



Volume of material = ?ih(R + r)(R — r). 

This is the form of answer most useful for logarithmic 
tables. 

Sometimes the external radius, R, and thickness, t, are 
given, in which case R — r = t, whence r = E — t, giving 
internal radius. 

Ex. 6. Calculate the volume of material used in mak- 
ing a pipe of length io m, external radius 1-5 cm and 
thickness 2 mm. (Take » = 



Volume of material = nh{R 2 - r 2 ) 




X (2-2 5 - 1-69) 
X 0-56 cm 3 



= 1760 cm 3 (approx.). 



Ex. 7. A crucible is to be made in the form of a cylinder 
without a lid, the thickness of material being 1 cm 
throughout. The height is to be 14 cm externally, and 
the external radius is to be 8 cm. If the material of which 
it is to be constructed is of mass 7500 kg/m 3 , find, in 
grammes, the mass of the crucible. (Log * = 0-4971.) 

The point to bear in mind in this question is that the 
internal cylinder is of height 1 cm less than the external 
cylinder, as there is one end present. ' 

If R, H; r, h are external radius and height, internal 
radius and height respectively, we have R = 8 cm 
r = 7 cm, H = 14 cm, h = 13 cm. 



= n[8 2 X 14 - 7 2 x 13] cm 3 because of the differ- 




Volume of material (actually iron) 
^nRm-n^h (a 



(a modified formula 



But 



= ^ X 259 




7500 kg 



ence in the heights 
of the cylinders) 



mass of crucible 

= 259 *ioooo^o 000gm 
= 259 11 X 7-5 gm 
£i6100gm. 

♦ Exercise 2 
A well of diameter 1-5 m has to 



No. 


Log 






259 


2-4133 


7-5 


0-8751 






rated to 
to be r 


a depth 



3- ^P^ 8 

2-metre length oi 

4. A telegraph pok 
What is its mass, 

5. Find the total ex 
of height 1 8 

ic trough 



high and 25 ci 



..5 kg/m= 



ternal surface area of a cylindrical a 
id diameter 10 cm, if the can has no lid. 

•m of half a cylinder of 
1. Neglecting the thick- 




7. Calculate the volume of cupro-nickel used in m 
iop piece. (Make, a heap of thes6 coins and stand 
another one against them, so estimating the average 
thickness of a iop piece.) 

8. Water flows through a pipe of cross-sectional area 6 
cm 2 at 2-5 m/s. How long will it take to fill a cylindrical 
tank of base diameter 84 cm and height 85 cm? (Think 
of cylinders of water 2-5 m long being put into the tank 



4. The Cone 

As with the cylinder, we shall limit our definition to 
the case of a right circular cone. 

A cone is the solid formed by revolving a line about a 
fixed axis and always making a constant angle with it. 
(It can be thought of also as the solid formed by rotating 
A VOA about VO in fig. 7.) 

A cone has a circular base, centre O in fig. 7, and a 



The cone is a particular case of a pyramid, and its 
volume is given by: 

$ X Area of base x height 
= J x » 2 x A - J*r 2 h 

i.e. it is one-third of the volume of a cylinder of the 
same radius and height. 

There is another length which is important in the cone. 
It is the slant height VA = /. Now triangle OAV has a 
right angle at 0, so by Pythagoras's Theorem, wc have 

VA 2 = VO 2 + OA 2 
i.e. I 2 = h 2 + r 2 . 

The curved surface area of a cone is xcl. 



This can be demonstrated by folding a piece of paper 
exactly once round the curved surface and unrolling it 
on a table. This gives a sector of a circle. 



Suppose we get the shaded area shown on the left, 
this being part of the circle shown on the right. The 
circle is of radius /. Now the length of arc (part of the 
circumference) in the left-hand circle was the circumfer- 
ence of base of cone, i.e. 2nr. The length of circumference 
of the right-hand circle is 2nl. 
;. In fig 8: 

Area of A _ Length of arc of A 

Area of B ~~ Length of arc of B 

Area of A _ 2nr _ r 
■'■ _ 5w5 ~ I 

;. Area of A = x nl 2 = Jirl, as given above. 
(The area of a piece of cake is proportioned to its length 

Ex. 8. Find the curved surface and volume of a cone 
of height 4 cm and base radius 3 cm. (Take n = *f-.) 

A = 4cm,r = 3 cm 

.-. Z 2 = 4 2 J- 3 2 = 25 sq. cm 



. - . Curved surface =»l£if X3 X5 cm 2 
= m cm 2 . 




Volume = \Ttr 2 h 

= ix¥x3X3X4' 
= 37y cm 3 . 



More Difficult Example 

Ex. 9. Find the area of crinothene used in making a 
lampshade in the form of a frustum of a cone, the upper 
and lower radii being 7 cm and 12 cm respectively and the 
slant height being 25 cm. (Take -n = *f-) 

A frustum of a cone is a section cut off by a plane 
parallel to its base. 

Let V be the vertex. PQ, SR are upper and lower 
diameters of the frustum. The line VNO is perpendicular 
to the base. 

Let VQ = x cm, then by similar triangles, 21 
VQ _ NQ 
VR~OR 

•"■ ~x~^r^ = k' giving T2X = nx + 175 

.'. 5* = 175 
.". * = 35- 

ai See Geometry, Teach Yourself Books, page 310, Theorem 58. 



Curved surface of frustum 
= Surface of cone VSR - Surface of cone VPQ 
= nRL - nrl cm 2 , 

where R = 12 cm, L = (25 + 35) cm = 60 cm, r ' = 7 cm, 
/ = »cm = 35cm. 




.'. Curved surface = x (12 x 60 — 7 x 35) cm 2 
= V X 475 cm 2 
1490 cm 2 . 

♦ Exercise 3 

1. Find the volumes of right circular cones, given that: 

(a) base radius is 5 cm, height is 7 cm, 

(b) slant height is 13 cm, base radius is 12 cm, 

(c) slant height is 5 m, vertical height 4*5 m. 

2. Find the curved surface of right circular cones of: 
(a) base radius 4-5 cm, slant height 12-6 cm, 

(6) height 6 cm, slant height 8 cm, 
(c) height 4 m, base radius 2 m. 

3. Find the total surface area of a solid cone of height 
10 cm. and area base diameter 6 cm. (Note that the total 
surface includes the base.) 

of height 3 m and diameter 2 4 m. 



upper ^ind lower radii 4 m and 12 m respectively. The 
the slag, if it is taken that 1 m 3 is of mass 6 tonnes. 

6. A solid steel cone of base radius 6 cm, height 12 cm, is 
dropped into a can partly filled with water. The can is 
a cylinder of radius 9 cm. If the cone is totally sub- 
merged, and no water flows out of the cylinder, find the 

5. The Sphere 

A sphere is traced out by a point moving so that its 
distance from a given point is constant. The definition 
is the same as for a circle except that the moving point 
is no longer restricted to a plane, but may move in space. 
This gives us a hollow sphere. 

Alternatively we can think of a sphere as the solid 
generated by rotating a semicircle APB about its 
diameter AB. 




Fig, 11. 



If r is the radius of the sphere, its volume = f 
and its surface area = 4jrr 2 . 

These formulas are obtained by calculus. 

Ex. 10. Find the surface area and volume of a sphere 
of radius 2 cm. 



3 )7Q4 

7 '- M I ■'•<> ■ ■ 
33-52 . , 



1. 11. The volume of a sphere is i 



.-. 43a- 3 = 30 
so r 3 = j?, giving r 



(We can work out r here or proceed to the 
end before doing so.) 

Now Surface area = iptr 2 err 



No. 


Log 


7-5 


0-8751 




0-4971 




0-3780 


3 








4 






0-4971 


+ 


1-3512 



= 22-45^22-5(3 



(a) 3-5 cm (6) 3 « 
3. The surface area of 



;a of a sphere of volum- 



SIMPLE AND COMPOUND INTEREST 



When a sum of money is lent for a time some remuner- 
ation is made for the loan. This takes the form of interest, 
paid as a percentage of the sum loaned, called the princi- 
pal. 

For example, if a sum of money is deposited in a Post 
Office savings account, 2\% interest is paid for eacli 
year that the money is lent. £200 deposited for one 
year would gain £5 interest. 

Interest is paid also on deposits in banks, building 
societies and many other institutions. 

The calculation of simple interest, I, is given by 
the formula 



I = 



Principal X Rate per cent, x Number of years 



fP = Principal in £'s 
i R = Rate per cent. 
{N = Number of years. 



Ex. 1. Find the simple interest on £500 for 3 years at 
4% per annum. 22 

Principal = £500, Rate per cent. = 4, Number of 
years = 3. 

. T Px R x N 



of days, the value of N is given by — 



Ex. 2. Find the simple interest o: 
at 3^% per annum, to the nearest i 
P = £412, R = 3i, N = - 3 \\-. 



X 4 6 
K365 



= £1-6875 
£± M.-69. 



For i: 



103 
13 x 



1339 

46 X 
8034 
5356 
365|6is-Q4 lT-687 
365 



1 money, 4-figure 
logarithm tables are often insuffi- 
ciently accurate. One can calculate, 
as here, or use (say) 7-figure tables as 
later in this chapter. 



250-9 



2. Inverse Problems on Simple Interest 

The formula I = ^ * ^,0^ ^ involves four unknown 
quantities I, P, R, N, so if we are given any three we can 
find the fourth. To find any one of P, R, N it is convenient 
to rearrange the formula before using it. 

We have 



Dividing (2) by P X N we have 
Dividing (2) by P x R we have 

n = tVt • • w 

The formula (3), (4) and (5) should be known, but it 
should be clearly understood that they are only varia- 
tions of formula (1). 

Ex. 3. What sum of money must be invested at 4^% 
simple interest to give an interest of £90 in 5 years? 
R = 4i, I = £90, N = 5. 



Ex. 4. For how long must £250 be invested at i\% 
per annum to give £75 simple interest? 
P = £250, I = £75 R = 7i 



The time is 4 years. 

$ Exercise i 
Find the simple interest due on the following invest- 

Principal Rate per cent. No. of years 



175 days. 
ie following table: 



Principal Intere 



13. Jones pays ^80 into tfc 



capital. The year is taken 



< assumed that the £i-c 
include any repaymen 
5 52 weeks.) 



3. Compound Interest 

The calculations made in simple interest are based on 
the assumption that the interest is paid in cash. It fre- 
quently happens, however, that the interest due is added 
to the principal at the end of each year, e.g. Exercise i, 
No. 13 above. In such a case the second-year principal is 
greater than that of the first year, for 

2nd-year principal = ist-year principal + ist-year 
interest 

The quantity on the right is called the amount after 

Thus, if we call 1st, 2nd, 3rd ... year principals 
Pi, P2, P3 . . . and 1st, 2nd, 3rd . . . year amounts A u 



A 2 , A 3 . . . and the corresponding intere 
then 

P 2 = A x = P, + I I 
P 3 = A 2 = P 2 + I 2 
Some examples will make this dear. 



>n £480 for 3 years 
£ 



(5% of P.) 
= A, 

(5% of P 2 ) 

7 (5% of P 3 ) 



»e shall have the total 



A 3 85566 
Pi 48000 

Compound Interest > £75-66. 

Notes 

1. To find x% of a quantity move the decimal point 
two places to the left (thereby dividing by a hundred) 
mentally and multiply by x, e.g. 3% of 742 



2. The normal number of decimal places required 
during working is four (unless the steps are exact as in 
Ex. 5 above, in which case it is sometimes unnecessary 
to put down as many). 

Ex. 6. Find the amount of £238-83 for 2 years at 4% 




Note that we used 
4 decimal places to 
ensure that the 
second decimal place 



/. Required amount is £258-32. 

When the interest is a quantity like we find 3% 
of the principal and \% separately and add the results. 
The \% can be found either as aio of the principal 
(involving moving the decimal point two places to the 
left mentally and dividing by two), or as \ of 3% (for 
l = iof 3 ). 

Ex. 7. Find by how much the compound interest 
exceeds the simple interest on £843 for 2 years at 3j% 





£ 


p, 


843-00 


Ii (3% 


25-29 


U% 


4-215 


P 2 


872-505 


I (3% 






4-3625 


A 2 (amount for 2 years) 


903-0427 


P t 


843-0000 


Compound Interest 


£60-0427 


Simple interest 8 « * 


1 



= £59 01 

.". Compound interest — Simple interest 
= £(60-0427 - 59-oi) 
= £1-0327 
£h£103. 

It will be observed that the method used above is 
practice, and on occasion it can be tedious. In section 4 
below an alternative method of great practical impor- 



tance is discussed. When the number of years is great 
practice methods are useless and the use of tables 
essential. 

Errors which arise in calculation by the method of the 
present section (i.e. section 3) can sometimes be spotted 
„,+: ,„ .,.„* +i, e successive values of the interest 

• Exercise 2 
ound interest on the following loans: 
Principal Rate per cent, p.a. 23 No. of Years 



4- ^1938 3i 2 

5. £643 4I 3- 

6. Find the compound interest on £720 for 2 yea 
7% per annum, payable half-yearly. (In this case, 
half the interest rate, 3!%, and add it in every 
year, i.e. 4 times in all.) 

(«) £4°° for 2 years at 3% per annum 
(&) £2750 for 3 years at 5 J% per annum. 

4. Compound Interest Formula 

We saw that the second-year principal was the : 
as the first-year amount, i.e. P^ = A t , but 

A 1 = F 1 + P 1 (for it is P t plus r% of PJ. 



it 



Proceeding in this way we see that the amount for » 
years, A„, is given by 

A » = p ( 1 + r;o) n - • • (I) 

where P is the original principal and r is the rate per 
cent, per annum. 

If we put R = I + in equation (i) we get the 
alternative formula 

A = P.R\ . . (2) 

The quantity R is called the amount of £1 for I year, 
for if we put » = I, P = £1 in equation (i) we get 

ominl; is oi r ■ ■ lcii!-.>ti«s 

A, especially when n is a large number of years. The value 
of K" can be obtained from a set of tables such as that 
given below. 







3% 


3i% 


4% 


5% 




2-097 567 6 








■^53 7 



Ex. 8.. Find the amount of £650 for ic 
Reading off the value of R" in the 1 

years and in the column under 3^%, wi 

R* = 1-410 598 8. 

.\ Required amount A 



174 

It will be observed that, although 7-figure tables are 
used, these are not of too great an accuracy when 
multiplying by sums of money which run into hundreds 
or thousands of pounds. 

5. Compound Interest by Logarithms 

Consider again the equation A = PR* 

^ where R = 1 + 
If we take logarithms we have 24 

logA = logP + »logR . . (3) 
and this gives us a method alternative to that shown in 
section 4 above. It is particularly useful if a table of 
amounts of £1 is not available. 

Ex. 9. Find the compound interest on £749 for 8 
years at 4|%. 

We have R = 1 + ^ = 1-045, « = 8, P = £749. 





No. 


Log 


A = PR 8 


1-045 




= £749 x (i-045) 8 




0-1528 


= «1065. 


749 


2-8745 




+ 


30273 



This answer is an approximation, as only 4-figure 
tables are used. As before, for accuracy, 7-figure tables 
are desirable. 

Inverse problems on compound interest can readily be 
solved using logarithms. 

Ex. 10. £500 is lent for 3 years, and it is understood that, 
including interest, £600 is to be repaid at the end of that 
time. What percentage compound interest does this 
represent, correct to 1 decimal place? 

24 For log A = log PR" = log P + log R" 



Here we have A = £600, P = £500, « = 3. 

600 = 500 R 3 I No. I Log 

so R 3 = f, i.e. R = Vi-2 i-2 0-0792 

R = 1-063 I -^3 I 0-0264 

i.e. 1 + ^ = 1 + -063 

r = 6 3 
i.e. percentage interest is 6-3. 

6. Repayment of Loans by Instalments 

A common method of repayment of a loan is by 
instalments once a year. In such a case, for each year the 
interest on the outstanding principal is added, and the 
amount of the annual repayment is then subtracted. An 
example will make this clear. 

Ex. 11. Brown buys a car for £850 and borrows the 
money at 5% per annum compound interest. He agrees 
to make annual repayments of £200, the first to be paid 
twelve months after the loan is issued. How much does 
he still owe immediately after making the third repay- 



ist-year principal 


850 


Add 5% interest 


42-5 


Less repayment 


892-5 


2nd-year principal 


692^5 


Add 5% interest 


34-625 




727-125 


Less repayment 




3rd-year principal 


527-I25 


Add 5% interest 


26-3563 




553-48i3 


Less repayment 




Outstanding debt 


353-4813 



The amount still owing at that date 
= £353-48. 



Using the Compound Interest Table in section 4 abo 
find to the nearest ip: 

1. The amount of £580 for 4 years at 3% 

2. The amount of ^1200 for 10 years at 5% 

3. The amount of £685 for 20 years at 2 J% 

4. The interest on £2800 for 5 years at 4%. 

Using 4-figure logarithms, find as accurately as you can: 

5. The amount of /820 for 6 years at 4 J% 

6. The amount of /2040 for 11 years at 3% 

7. The compound interest on £722 for 8 years at 7i% 

8. The compound interest on £28 000 for 6 years at 4%. 

9. At what rate per cent., to the nearest o-i%, is interest 
charged if a repayment of ^750 is to be made at the 
end of 5 years for a loan of ^600? 

10. In how many years would a sum of money double itself 

pound interest? ^ 

11. The compound interest paid on £400 loaned for two 
years exceeds the simple interest on the same amount 
for the same time at the same rate per cent., by £1. 
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1. Bates and Taxes 

It is not within the scope of this book to give a de- 
tailed account of national expenditure or that of local 
government, but as the costs entailed are borne by the 
public, everyone should understand the arithmetic 
involved. 

Rates are paid to local authorities, such as Borough 
or Urban District Councils, for public services. Some of 
these services are provided by the local council, others 
are controlled by the County Council, who receive a 
proportion of the rates paid to the local council. For 
example, an Urban District Council will deal with 
housing, parks and cemeteries and public libraries. A 
County Council will deal with education and fire service, 
but consultation between the two authorities is necessary 

National expenditure is largely met by the payment 
of taxes. These take many forms including Income Tax, 
Surtax, Capital Gains Tax and Purchase Tax. The joint 
effect of Income Tax and Purchase Tax alone is so heavy 
that frequently, if not usually, they will exceed 50% of 
the actual cost of an article purchased. 

2. Rates 

All property, such as houses, shops, factories and 
business premises, in an area is assessed. Each property 
is given an assessment or rateable value. The calculation 
of the assessment is rather involved and depends to some 
extent on a hypothetical net income which could be 
received if the property were let. Contributory factors in 
assessing the rateable value of a house are its locality, 
floor area, size of garden, whether or not there is a 
garage, and so on. Once the assessment has been made 
(for an ordinary house the figure might well be £0.5) it 



will remain constant for a number of years. The rates 
paid, however, do not. They will vary from year to year 
and they depend on the annual expenditure of the local 
authorities. In this connection a simple proportion sum 
is involved. 

Suppose a Borough Council wishes to raise £2 400 000 
to cover its expenses, and let us assume that the rateable 
value of the Borough is £4 000 000. Then the rate levied 
is 2 p°° °°° 01 tne rateable value, i.e. out of each £1 of 
rateable value, the council needs 

£ £i2^£ = ^xioo P = 6op. 

We say that a rate o! 60p in the £ is levied. 

Taking our house, mentioned above, as having a rate- 
able value of £95 the actual amount (rate) to be paid is 
95 x 6op = 57oop = £57. 

Actual calculations do not work out as conveniently 
as this example and they are made using decimals of a 
penny, as will be seen from the extracts from the Rate 
Demand Note illustrated on p. 179. 



Ex. 1. The total rateable value of a Borough is 
£4 390 000. The estimated expenditure for a certain year 
£3 160 000. Find the rate in the £ to be levied to the 
nearest ip. 



Rate to be levied = 




= 72p (to the nearest ip). 



Ex. 2. The public lighting in a certain district of 
rateable value £2 370 000 required a levy of 3'4op in 
the £. How much money was needed? 

Amount 'required = 2 370 000 X 3'4op 



is normally charged at the same time as the General 
Rate e.g. 



Rate No. 


Address of Property 


Ra 


teahle value 


A43076 


24, Outback Lane 




£i34 


General Rate 


Water Rate 


Total Due 


Rate in the £ 


Amount Due 


Domestic 


Other 


55P 


£7370 


£4-86 




£78-56 



4. Income Tax 

Income Tax is the largest single source of revenue for 
the Exchequer. This, together with Surtax, Capital 
Gains Tax, Death Duties, Stamp Duties and Motor Tax 
are the main forms of direct taxation, while Purchase 
Tax, Alcohol and Tobacco Taxes, Entertainment Tax, 
and Customs and Excise Duties constitute the main body 
of indirect taxes. 

Everyone who has a source of income must declare it 
to his local Inspector of Taxes, so that the tax to be 
paid on his income can be calculated. The calculation of 
Income Tax varies almost every year, so examples must 
perforce be based on the figures used in 1970, the current 
year. Although the numbers involved are subject to 
substantial variation, the method can be applied at any 
time, and is best illustrated by a fairly comprehensive 
example. 

Ex. 3. A married man with two children earns £2550 
in the Income Tax Year 1970-71. He plays a super- 
annuation contribution of 6% of his salary. Earned 
income allowance is two-ninths of his net salary. His 
personal allowance as a married man is £465 and the 
allowances for his children are as follows: for Louise, 
born in 1957, £140, and for George, born in 1959, £115. 
There is an endowment assurance policy on which the 
premium is £120 p.a. and for which two-fifths of the 



premium is allowed. The standard rate of tax applicable 
to the residue of his income is at 41-25% (i.e. at 4i-25p 
in the £). Calculate the Income Tax due. 



The order of procedure is shown below. 



Employment etc. 

less Expenses 

Superannuation (6%) 
Building Society 


£ 


£ 

2550 
153 ' 


less Allowances 

Earned-Income Allowance (fths) 
Personal Allowance (married 

Wife's Earned-Income Allow- 


533 
465 


2397 


Housekeeper . 
Children . ... 
Dependent Relatives 
Life Insurance (f of premium 
allowed) . . . 


255 
48 






Total Allowances 
less Allowances made elsewhere 


1301 












Net Amount chargeable to tax . 






Tax at 41-25% on £1096 . 




£ 

452 




Tax Assessed foe 1970 




452 


10 



Thus the taxpayer could expect to have the sum of 
£37-68 a month (one-twelfth of £452-10) deducted from 
his salary under P.A.Y.E. (Pay As You Earn). 

The above example is laid out in a manner similar to 
that of Form P70C (Part I). Some items on the original 



have been omitted as they are easily understood, and 
they are not necessary for the calculation required in 
this problem. This form is sent to all salary- or wage- 
earners each year and it is extremely important that it 
should be clearly understood by everyone. 

One or two points in the above calculation require 
elucidation, (i) The Superannuation is calculated on the 
gross (total) earned income. (2) The Earned-Income 
Allowance is £ x £2397 £± £533, i.e. it is based on the 
income after removal of expenses and superannuation. 
(3) The allowance for the children is £140 for Louise plus 
£115 for George, giving £255 in all. (4) The Life Insurance 
(wrongly worded on the form — it should read Life 
Assurance) is | X £120 = £48. 

The final calculations are easier to follow if put in an 
order different from the form: 

Amount chargeable to tax £1096 .". 10% is £ro9'6o. 
Hence 40% £438-40] 

l0 /o frvfi using practice 
i% £ 274 J 

Tax payable £452-10 

The form P70C should be kept permanently, as it is 
by no means unusual for tax adjustments to be made for 
income received several years earlier. 

The above calculations refer to Schedule E income, but 
there are various other schedules on which tax may be 
due. For further information, the reader is referred to 
books specialising on the subject. 

5. Insurance 

Insurance in modern times is a complicated matter, 
and this section can only serve as a brief introduction to 
the subject. An excellent comprehensive treatment is 
given in Mr. Cockerell's book, Insurance, in the Teach 
Yourself series, a companion volume to this book . 

Briefly, insurance can be classified into two sections: 

(a) Life Assurance 

(i) Property Insurance. 



(a) Life Assurance 

The following table shows the division of this s< 



A whole life policy is one in which the assured person 
cannot himself benefit. His dependents receive a sum of 
money in the event of his death. 

An endowment policy is one taken out for a specified 
number of years (say 10, 15, 20, 25 or 30 years). If the 
policy-holder survives the date of maturity of the policy 
he can himself receive the sum assured. If he should die 
before this time his dependents will receive the money 
at the time of his death. 

A with-profits policy shares in the profits of the com- 
pany, and every few years (say, three or five) a bonus is 
declared and is added to the capital sum assured. On the 
other hand, a without-profits policy does not participate 
in this way. The sum assured remains constant. 

The following table for "Endowment Assurances — 
With Profits" will illustrate the principles. The sum 
assured is payable at the end of the period of years 
specified or at previous death. 

Annual Premium for each £100 Assured 



Age 
Next 
Birthday 




Number of Ye 




















30 




£ 


£ 


£ 


£ 


A- 


26 


10-94 ' 


7-34 




4-42 




27 


10-95 


7-35 


5-5i 


4-43 


3-69 


28 


io-95 


7-35 


5-52 




3-7° 


29 


10-96 


7-36 


5-53 


4-45 


372 



(The table on p. 183 does not necessarily represent any 
company's current quotations, but it illustrates the kind 
of charge made.) 

Ex. 4. Thomas wishes to take out an endowment 
policy with profits for 25 years. The capital sum assured 
is £800. Thomas is 27 years old and in good health. How 
much is his anual premium? 

From the table above, reading off in the row opposite 
28 (note that it says age next birthday) under the column 
for 25 years, we find that the premium is £4-44 per £100. 

.". Annual premium to be paid = £4-44 X 8 
= £35 52. 

It is worth bearing in mind that the actual cost each 
year is appreciably less. If Thomas pays Income Tax, the 
net cost would be obtained after allowing for a scale of 
tax relief allowance. 

In general, and with certain limitations, premiums 
paid for life assurance are subject to Income Tax relief 
at the appropriate rate on (a) the amount of the prem- 
iums paid in the year of assessment, if less than £10, 
{b) £10, if the premiums paid are between £10 and £25, 
(c) two-fifths of the premiums paid, if more than £25. 

Thus, Thomas' net outgoing for his Life Assurance, 
would be as follows: 

Annual premium ..... 35-52 
less I of £35-52 at 41-25% . . . 5-86 

Net outgoing £29-66 

[The £5-86 is obtained as follows: 

I x £33-52 mi+ii; 

41-25% of £14-21 = £0-041 25 x 14-21 £i £5-86. 

This is the actual amount to which Thomas would benefit 

by way of tax relief.] 

In real life, Thomas would pay the full premium of 
£35-52 to the company and the net relief of £5-86 would 
be allowed in his Income Tax Assessment. 



A comparison of premiums is interesting for, say, 
present age 27 years. 

1. Endowment with profits (25 years) £4"44'\ 

2. Endowment without profits (25 years) £3-37 I per 

3. Whole life with profits 25 £2-42 j £100 

4. Whole life without profits 25 if 1 '** 2 ' 
There is a big difference in premium for each class of 

assurance, but there is also a big difference in cover. 
There is little doubt that, if the higher cost can be met, 
then endowment assurance with profits is by far the 
best for most purposes. 

(b) Property Insurance 

The most important forms of insurance for the average 



j(i) House insurance (if owner of the house); 

\ (2) Contents insurance; 
(3) Car insurance. 
Items (1) and (2) above can be considered together 
but item (3) is always dealt with separately. Whereas 
the premiums on (1) and (2) are relatively small, those 
for car insurance can be extremely heavy. The reason is 
not hard to find. The size of a premium clearly depends 
on the number of claims made during a year. Those made 
for the theft of property or for fire damage are few 
compared with the enormous number of costly claims 
made for motor traffic accidents. 

At the time of writing, house insurance can be effected 
at a satisfactory standard for a premium of about 14P 
for £100 cover. Contents cost a little more, perhaps 25p 
per £100; there is some dependence here on whether 
there are specific items to be insured separately. 

Ex. 5. Harris bought a house worth £6400 and valued 
the contents at £2800. How much a year would his 
premium be for both, if the house was insured at I4p 
per £100 and the contents at 25p per £100? 

25 Premiums payable for life. 



i86 



Premium for house 64 X 14P = £8-g6 
Premium for contents 28 X 25p = £7-00 

Annual premium altogether £15-96. 

It is sad, but Income Tax rebate can be claimed for few 
forms of insurance other than life (including endowment 
policies), superannuation or pension insurance. Thus, no 
relief can be claimed for Harris's premium. 

The calculations for car insurance are different for 
almost every car and driver, so no attempt will be made 
to deal with them here. It is best to get quotations from 
different companies as there are appreciable variations in 
vehicle insurance, but it should be borne carefully in 
mind that the cheapest forms of insurance are very fax 
from being the best. For the owner of a car, a compre- 
hensive policy with a good insurance company or with 
Lloyd's is a valuable safeguard. 



§ Exercise 2 

Lay out the following (Questions 1, 2, 4) in the form of the 
example on Income Tax given in Section 4 above. Take the 

1. A single man earns ^1600 in the tax year 1970-71. He 
pays 6% superannuation contribution. His personal 
allowance as a single man is £325. How much tax does he 
pay? 

2. A man earning ^2168 has a wife (his married man's 
allowance being £4(15) and one child (the allowance for 
the latter being /140 because of the child's age). The 
man does not pay superannuation, but he has a life 
assurance policy on which the annual premium is ^145. 
Find the Income Tax paid. 

3. Using the table of premiums shown on p. 183, find the 
net annual cost for an endowment assurance policy 
(with profits) on which the capital sum is ^2400, for a 
man aged 28J, if the policy is to run for 20 years. 

4. Jones earns £3200 p.a. He pays 5% superannuation 
contribution. His married man's allowance is i'465. He 
has three children, Hermione, for whom the allowance 
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whom 5; t^ Ifr J d ' f °J '* ' S ^^d' ^ El6an0r ' fOT 

policy on which the annual premium is ^200. Calculate 
the tax he pays. 

5. Brown, who is 27 years of age, wishes to take out an 
endowment policy with profits. The maximum net 
premium he can pay each year is £167. If the policy is 
to run for 15 years, find the maximum capital sum 
which he can afford to take up. 



1. What are Stocks and Shares? 

Stocks and shares are holdings, i.e. units of part- 
ownership, in a company or organisation. Anyone who 
buys such investments becomes a part-owner of the 
concern, no matter how few shares he may purchase. It 
does not necessarily follow that he has a say in the run- 
ning of the business. 

In the case of public companies, equity shareholders 
are usually invited to attend at Annual General Meetings, 
where they may have an opportunity of expressing ideas, 
and where they may vote. The power of their vote is 
normally proportional to the number of shares held. 
Shareholders are also able to elect directors or to remove 
them from office. 

The issue of shares in companies is normally a perman- 
ent matter. So long as the company exists, the shares 
continue in being. There are certain loans raised in 
developing new premises or activities which are of a 
temporary nature. They often take the form of mortgage 
debentures on the property of companies or unsecured 
loan stock, or they may be issued in the form of redeemable 
preference shares (q.v.). Loan notes are also sometimes used. 

Government loans and those made to local Public 
Boards are not quite the same. They are normally of two 



5% Exchequer Bonds (1976-78) could be redeemed 2 ^ 
as early as 1976, but must have been redeemed by 1978. 



(2) The loan may be for an indefinite period, e.g. 4% 
Consolidated Stock (called Consols for short) is dated in 
or after 1957. This means that the issuing authority, in 
this case the Government, can redeem the stock at any 
time in 1957 or later, or need not do so at all. So long as 
the stack is held, interest is paid at 4% per annum. 



2. The Stock Exchanges 

The Stock Exchanges are semi-public institutions 
where the purchases and sales of stocks and shares are 
carried out. There are exchanges at Manchester, Bir- 
mingham and other provincial cities, as well as in London, 
but there is a move towards the creation of a single 
United Stock Exchange. 

A seller who wishes to dispose of a security can, via 
the stock exchanges, quickly and easily be introduced to 
a buyer. A company which seeks financial aid can 
arrange for a loan in the form, say, of a debenture issue. 
Stock exchange business is transacted by members, the 
public not being admitted for this purpose. 

Suppose Jones wishes to sell 200 Ordinary Shares of 
I.C.I. (Imperial Chemical Industries). He telephones or 
visits his broker (or he may instruct his bank to contact 
a broker) and tells him to sell the security. If he knows 
the market value he may also state a minimum price, 27 
say 270P, which he wishes to obtain. His stockbroker, 'in 
his daily visit to the Stock Exchange, contacts a stock- 
jobber who is willing to take the shares on his book at an 
agreed figure. To get the highest price for his client a 
broker may contact several jobbers before he is satisfied 
that he, has done as well as possible. Jobber No. 1 may 
quote 272P-274IP, meaning that he will give 272P for 
I.C.I, but charges 274JP for them. Jobber No. 2 may 
quote 273-275jp. Thus, Jones's broker would get a 
better price from Jobber No. 2, and, as this would be 
3p more than Jones's minimum figure, a deal might well 
be made. The jobber does not keep the 200 shares. He 
waits until another broker comes to him from another 
client, say Brown, who wishes to buy I.C.I, and, if 



jobber and broker agree the price, the shares are bought 
by the broker on behalf of Brown. 

It will be noticed that a stockjobber is mentioned 
above. He does not deal directly with the public. He is 
a man of considerable financial means who holds large 
quantities of stocks and shares between transactions. 

The full story 28 of Jones's sale would read as follows: 

JONES — > BROKER A -» JOBBER -> BROKER B -> BROWN 

The broker charges a small commission on each share 
for his work on behalf of his client. The jobber makes his 
income on the difference in price between buying and 
selling, e.g. the jobber who quoted, say, 273p-275ip 
would make a profit of 2|p on each share if he obtained 
the price asked. On 200 shares this may seem a lot, con- 
sidering the number of transactions he will carry out in 
one day, but it should be borne in mind that he holds 
large quantities of securities on his hands. at any one 
time, and should some of them fall in value during the 
day, a very frequent event, he may stand to lose sub- 
stantial sums of money from time to time. 

The broker does not hold the stock himself, but acts as 
an agent on behalf of his client. Should a client default, 
the broker will have to honour the bargain. There exists 
a compensation fund to protect the investor. For this 
reason, the broker takes care to check the bona fides of 
his clientele. 
3. Stocks and Shares 

The term "stock" is usually restricted to official issues 
such as Government Securities (for example 3-5% War 
Stock), together with various classes of loan stock. The 
War Stock price, quoted in The Times, the Daily 
Telegraph and other leading newspapers, might be found 
to be 43. This means that the average price of £100 Stock 
(i.e. stock on the nominal value" of £100) stands at about 
£43 on that day. The £100 stock is not worth £100 in cash, 
although it may have been issued at that price many 
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years ago. The market value, 30 £43, is determined by the 
income provided, calculated as a percentage of the cash 
outlay. When a high percentage return is expected, the 
market price falls, and vice versa. 

When a company is formed, people are asked to 
subscribe towards it by taking "shares". The shares are 
usually for small amounts, such as £1, 5op, 25p, iop and 
5p, although shares can be found in many shapes and 
sizes. The shares are rarely worth the same as their 
nominal value. The price depends not only on yield, 
as with some stocks, but on potential capital apprecia- 

Consider, again, the purchase of £100 of 3-5% War 
Stock at 43. The cost is £43, but the dividend of 3-5% is 
based on the nominal value of the certificate, which is 



The yield, expressed as a percentage of outlay, is much 
more than 3£%, for £43 brings an annual interest of 
£3-50- 

.-. Percentage yield = ^ x 100 £1 814. 

4. Definitions o! certain terms used in Stock Exchange 
procedure 

(a) The nominal value of a security is the amount of 
stock of shares held. It is written on the stock or share 
certificate. It does not vary from day to day. 

(b) The market value of a security is the value, in 
money, of the holding, and this may fluctuate from day 

(c) A quotation is the price to be paid for a share or 
unit of stock. This also varies. Note that: 

market value = quotation X number of shares. 
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{d) A stock is said to stand: 

(1) at par if it is quoted at its nominal value exactly, 
e.g. £100 Stock standing at £zoo cash, i.e. quoted at 100; 

(2) at a premium if it is quoted above par, e.g. a 
£1 share quoted at I78p stands at a premium of 78p; 

(3) at a discount if it is quoted below par, e.g. Consols 
4% standing at 48 would be at a discount of 52. It 
would cost £48 for £100 Consols. 

(e) The dividend received is the amount of cash paid 
as interest on a holding. It may be expressed as a per- 
centage of the stock, as in the Consols above, or it may 
be given as a sum of money, such as 3p dividend on each 
25p ordinary share. The latter would be 
X 100%, i.e. 12% dividend. 

(/) The yield is the dividend expressed as a percentage 
of the cost price. For example, if the 2Sp shares which 
paid 3p dividend in (d) above cost 48p each, the yield 
would be less than the 12% dividend. It would be 

5. Methods of Calculation 

The calculations involved in the purchase and sale of 
stock are best illustrated by some examples. Those in the 
first group below will avoid the complications of broker- 
age and stamp duty, but later some explanation of these 
expenses is given. 

Ex. 1. Find how much 5-5% Funding Stock (1982-84) 
at 75 can be bought for £600. Calculate also the annual 

(The stock stands at a discount so the quantity of 
stock bought will exceed the cash value.) 

£75 cash buys £100 stock 
.". Amount of stock bought = £ x f^ x 600 
= 1800 stock. 
Annual income = £~ X 800 

= m. 



Ex. 2. Smith invested £480 in Commercial Union 25p 
Ordinary Shares quoted at 30op. The annual dividend 
paid was I2jp per share. Find (a) the number of shares 
bought, (6) the actual income received and (c) the yield 
per cent, on outlay. 

The student will notice that the shares are priced very 
highly, but the dividend is also high compared with the 
nominal value of the shares, so that a moderate yield is 
to be anticipated. 

The number of shares purchased is quite independent 
of their nominal value. They cost 30op, i.e. £3, each. 

.'. Number of shares purchased = - 4 | a 
= 160. 

(Their total nominal value is only 160 X 25p = £40.) 
The dividend received is I2^p per share 
i.e. altogether it is X loop 
= £20 

and this is the annual income. 
The yield per cent, on outlay 

- 1^ V TOO 
£480 X 

= 4J% (4-167%). 

This example is interesting in that it illustrates the 
flaw in certain popular fallacies concerning dividends. 
There are many who believe that the payment by a 
company of 50% dividend implies enormous profits to 
the shareholders. This is not so, for the above example 
shows that whereas the dividend of I2§p per 25p share 
is exactly 50%, the yield on capital gained by a share- 
holder is only 4^%, e.g. far less than he would get if he 
bought National Savings Certificates, when account is 
taken of Income Tax. 

A company pays dividends in accordance with its 
profits. The company may grow enormously over many 
years of well managed business, and may employ more 
and more people and have greatly increased premises. It 
does not usually increase its share capital (i.e. the 
number of shares issued) to anything like the same 
extent, so the value of the individual shares will rise. 
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The percentage interest received depends on yield based 
on the cost of the share, i.e. the market value, not on 
the dividend, which is based on the nominal value. 

Ex. 3. Thompson invested £1260 in Shell Transport 
25p shares, paying 56% dividend. He received an 
income of £42. At what price did the shares stand when 
he bought them? 

The dividend from one share = f*o% X 25p 
= MP- 

.*. If x is^the number of shares, the yield is 14a; pence, 
but we know that this is £42 = 4200 pence 

so x = 300 
and this is the number of shares bought. 
/. 300 shares cost £r26o 
i.e. 1 share costs = £4-20 = 420p. 

Ex. 4. Messrs. Atkinson & Wright Ltd. hold £10 000 
3-5% Treasury Bonds. They sell their investment at 77 
and reinvest the proceeds in British Transport 3%Stock 
at 60. Find the change in annual income. 

This type of problem should be divided mentally into 

(1) Original Income = ^ X £10 000 = £350 

(2) Amount of money realised on sale 

= £10 000 x :r¥o 

(3) Amount of stock purchased = ^ X sum invested 

= £ioooo.xrffrxW 

(4) New income = X amount of new stock held 




= £385. 

/. There is an increase in income of 
£(385 - 35o)=S35. 



♦Exercise i 

1. Find how much 3-5% War Stock quoted at 44 can be 
bought for £1100. Also find the annual interest received. 

2. Brown invests £400 in 2\% Consols at 32. What is the 
yield per cent, and what is his annual income? 

3. Which gives the higher yield: (a) 5-5% Funding Stock 
at 76 or (6) 3-5% Funding Stock at 48? (Assume that 
£100 has been invested in each security, and compare 

4. What is the cost of 250 I.C.I. £1 units of Ordinary Stock 
at 274P each? If they pay I2p dividend, what is the 
annual income from them and what is the yield per cent. ? 

5. Jones bought 240 Rank Organisation 25P Ordinary 
Shares for £1104. At what price were they quoted? At 
this price the yield was only 1-25%. What was the 
probable reason for such a very low yield? 

6. Smith holds 340 Ordinary £1 shares and receives an in- 
come of £42-50 from them. What is the rate per cent, 
dividend? 

7. Robinson sells £6400 Funding 5-25% Stock at 79. How 

5% Treasury Stock at 67^. Find by how much his 
annual income changes. 

8. Williams sells 615 Marks and Spencer 25P Ordinary 
Shares at 278p. How many Distillers sop Ordinary 
Shares can he purchase at 123P with the proceeds of the 
sale? 

9. Briggs invested £354-20 in National Westminster Bank 
£1 Ordinary Shares at 253P. He sold them when they 
had risen to 33op. What percentage profit did he make 
on the sale? How much money did he make? 

6. Expenses Involved in the Purchase and Sale of 
Securities 

There are three items of expenditure involved in 
buying and selling stocks and shares, other than the 
actual cost of the securities. These incidental expenses 
usually total about 2-5% of the price of the shares, when 
£500 or more is involved. The expenses are as follows: 

(1) Stamp Duty (i.e. cost of Transfer Stamp) 

(2) Brokerage 

(3) Contract Stamp. 



Of these, the Contract Stamp charge is very small and 
can be neglected when working problems in this book, if 
desired. The worked examples do, however, take it into 

For small transactions, the incidental expenses form 
an appreciably higher percentage of the price of the 
shares, for the minimum brokerage is £4. 

6a. Stamp Duty 

This is a duty payable to the Government when a 
transfer of stock (or shares) is made. This is approximately 
1% of the consideration, i.e. of the cost of the stock (or 

Transfer Stamps 





Duty Payable 


exctse tng [£ s) 




5 


5p or less 






15 


i5P 


35 


25P 


60 


5op 


80 






is. 


125 


£3 


150 




175 


82 


225 


£2-25 


250 


£2-50 


275 


£275 


300 


£3-oo 


350 


' £3-50 , 




£4-oo 


and so on at the rate of 5op 


for every further £50 or frac- 


tional part therec 


f. 



British Funds (e.g. 
Consols and War 
Loan) and most 
Public Corpora- 
tion Stocks are 
free of Stamp 
Duty. 



It will be observed that the Transfer Stamp normally 
costs slightly more than 1% of the amount spent on the 
security. This expense is borne by the buyer, not by the 

6b. Brokerage 

A full table of the scale of minimum commissions pay- 
able to stockbrokers would be much too long for in- 
clusion in a book of this type. Stockbrokers have an 
accepted scale of payments and a few examples are given 
below. The full list is easily obtained, if required, from 
any stockbroking firm or from a bank. 

Scale of Minimum Commissions 
brought into effect in mid-1970. 
Government Securities etc. 

0-5% on the first £2000 consideration 
0-2% on the next £12 000 
o-i% on the next £36 000 

There is a ceiling on the brokerage charged for the trans- 
fer of securities of this class. 
Shares or Units of Stock 

1-25% on the first £5000 consideration 
0-625% on th e next £*5 000 
NIL on the next £5000 
The reader with larger sums to invest will no doubt 
already have expert advice on investment! 

The Small investor is, however, again warned of one 
important point: there is a minimum brokerage of £4 
chargeable. This means that for an investment of less 
than £320 in any one security, the expenses may be 
high. (The explanation of the £320 is that 

£320 X 1-25% = £4, the minimum brokerage.) 
Brokerage is paid by the buyer to his own broker and 
also by the seller to his broker. 



6c. Contract Stamp 

This is a stamp which must be affixed (by law) to a 
Contract Note. The procedure will be explained in 
Section 7 below. 

Where the value of the shares or stock marketed costs: 

From £5- £100 5P ~\ 
£100- £500 iop 

£ 5 00-£lOOO 20 P COST OF 

£iooo-£isoo 3op [ contract stamp 
£i5oc-£25oo 40p 
£2500-^5000 6op etc. ) 

7. Documents Involved in the Purchase o! Securities 

If we refer back to Section 2 above we see that Jones's 
broker has sold his shares at 273P. The broker will now 
immediately send Jones a Contract Note made out as 
follows: 

Contract Note i 



rALBOT & SPOONER -STOCKBROKERS 
CONTRACT NOTE 
OnbehalfofA.H.JonesEsq. £ 
Bysaleof200I.C.l.sharesat273p 546 00 
less brokerage at MX I 7102 



Seepar.6bi - less brokerage atlM 



This is a guarantee to the seller that Talbot & Spooner 
will send the sum of £538-98 in due course when the 
transfer is completed. 

In the meantime the shares have passed through the 
hands of the jobber to broker B (of the firm of Hart & 
Field say), who buys them on behalf of Brown at a 
price of, perhaps, 275*p. Hart & Field send a contract 
note to Brown made out as shown in Contract Note 2. 

Now this is sent to Brown, who holds it until the trans- 
fer is completed. As soon as Brown receives this contract 
note he sends £564-09 to Hart & Field. Jones will have 



Contract Note 2 31 




sent his share certificate (proof that he had two hundred 
I.C.I. Shares for sale) to Talbot & Spooner. The brokers 
now complete a Transfer Deed which has to be signed 
by Jones. To this transfer deed the costly transfer stamp 
is affixed (£6 in this example; the remaining 2op being 
the contract stamp). When completed, it is sent with the 
share certificate formerly held by Jones to the company's 
registered offices (the Imperial Chemical Industries, in 
our example). The company cancels the certificate and 
issues a new one in the name of Brown. The transfer 
of the shares is now complete. 
The whole of the business is illustrated diagramatically: 




We shall now complete the chapter with some ex- 
amples involving brokerage etc., and explanation of a 
few terms used. 

31 Brokerage is not chargeable on stamp duty. 



8. Miscellaneous Examples 

Ex. 5. Find the net amount realised when 250 Bar- 
clays £1 shares are sold at 364P ^ 

250 shares at 364P 910-00 - 

Less brokerage £11-37] „.„ 

+ contract stamp 2op I ' 3/ 



Add Brokerage at i£% . 
Contract stamp 
Transfer stamp 



Ex. 7. Smithers sells 500 Mather and Piatt 25p shares 
at g6p. He reinvests the money in Distillers sop shares 
at 144P. How many does he get? 



5ooato6p . . . 
Less brokerage at ij% 1 
+contract stamp iop j 



£473-90 

We can approach the new purchase indirectly as 
follows. The stamp duty on £473-90 is £5 and the contract 
stamp is iop, leaving £468-80. 

The cost of the shares is £1-44 plus brokerage of ij% 
of this, i.e. £1-458. So we have 

I 321 

_ 468-80 1458)468 800 



I 1458 
a very small cash adjustment necessary. 



In practice, from a set of tables, the approximate 
number of shares which could be purchased would be 
found, say 320 or 325 shares. The cash adjustment 



shares. It would only be a few pounds one way or the 

#Exercise 2 

■n the sale of 800 Boots 

2. Calculate the total cost of 600 Shell Transport 7% £1 

find the net annual income from the shares' P 

8. Brown sells 400 Great Universal Stores 25P shares at 
2Q2p. Using the proceeds of the sale, he buys 350 
Thorn Electrical 25P shares at 324P. How much cash 

4. Thompson sells 460 Guinness 25P Ordinary Shares at 
I36p and 600 Fisons £1 Ordinary Shares at 25op. Find 
how much he receives altogether. (Each transaction 
must be carried out separately.) 

5. Jones invested /1450 in J. Lyons "A" Ordinary £1 
shares at 49 5p. Find the number of shares bought. If 
the dividend paid is 11-67%, nnd the gross income (not 
allowing for tax) received and also find the yield per 

9. Some Types ol Stocks and Shares 

The reader will have noticed such names as Preference 
Shares and Ordinary Shares in this chapter. A short 
explanation will now be given. 

Most of the stocks issued by the Government and by 
Local Authorities are fixed-interest holdings; that is, they 
pay a definite amount of interest each year. These stocks 
are quoted in multiples of £100, but they may be bought 
in units of £1, or even sometimes in units of ip. For 
example, a certificate for £2174-68 of 3-5% War Loan 
would not be unusual. 

Shares in companies are more varied. We shall divide 
them into two classes: I. Fixed-Interest Holdings; 
II. Equities. 

There are hybrids of I and II as well. 



I. Fixed-Interest Holdings 

(a) Debentures. These are a mortgage holding secured 
on the assets of a company. 

(b) Preference Shares. These are, in general, fixed- 
interest securities, but their dividend is paid out of 
profits before the ordinary shareholders are entitled to 
consideration. There are two main types of Preference 
Share: Cumulative — meaning that if the dividend is 
missed during a period of poor trading it must be made 
up later; Non-cumulative — meaning that if payment is 
not made in any year, there is no obligation to make it 
good later. Most preference shares are cumulative. 

II. Equities 

(a) Ordinary Shares. Dividends on these are paid out 
of the profits, after all expenses have been met and 
debenture and preference shareholders satisfied. They can 
be paid any dividend the directors think suitable, and 
the dividend frequently varies from year to year, or even 

Of other kinds of stock and share, and subdivisions of 
the above (e.g. Participating Preference Shares, Pre- 
ferred Ordinary Stock, Prior Lien Debentures) there is 
not the space to deal. 

10. Income Tax 

The dividends and interests received from holdings of 
stocks and shares rank as unearned income, and no 
earned-income relief is allowable. The tax is deducted 
at the standard rate on almost all securities, before a 
cheque for dividend due is sent to a shareholder. Should 
the shareholder not earn enough to pay tax at the 
standard rate, he is entitled to claim back the difference 
between his rate of tax and the standard rate from the 
taxation authorities when he fills in his annual Income- 
Tax return. 

Ex. 8. Roberts buys 2400 British Petroleum 8% 
Preference £1 Shares. If tax is deducted at 42p in the £, 
find the net annual income. 

The gross income is £2400 x rts- 




;hange 203 



Now out of every ioop, tax of 42p is paid. The net 
mount received is therefore 58p out of every ioop. 
.-. Net income is £2400 X too X t%t> 



a lintisn uxygen vjiuintxi y a'""" " /□ 

Find the income from 600 of these shares, if tax is 
deducted at 40P in the £. 
3. Jenkins holds the following securities: 

250 National Westminster Bank £1 shares paying 



11. Authorised Unit Trusts 

No chapter on investment would be complete without 
a brief mention of unit trusts, which in recent years have 
gained increasing popularity with Jthe small investor. 

The basic idea of the unit trust is to enable an investor 
with a small amount of money (even as little as £25 or 
£50) to purchase an interest in a large spread of com- 
panies, which it would be beyond his means to do in any 
other way. Each trust is run by a professional manage- 
ment, whose job it is to see that, by careful purchase, 
sale and new purchase of various stocks and shares, the 
unit trust as far as possible enhances in value. 

The small investor has nothing to do other than to 
write to the managers of a particular trust, asking to buy 
or to sell so many units. If he is buying, he encloses his 
cheque with his order. The expenses borne by the 
managers in these transactions are secured by a margin 
lying between their offer price and their purchase price. 
At the time of writing, for example, the Scottish Save 
and Prosper Group quote Scotbits, one of the best 
known unit trusts, at 39lp-42P- This means that they 
would charge an investor 42P for one unit or would buy 



= £111-36. 



1. Find the net in 
(I99C-95). if tax 

2. British Oxygen 2 : 



•Exercise 3 

income from £23400 Gas 3% Stock 
x is deducted at 45P in the £. 
25P Ordinary shares pay 1 1 % dividend. 



If 




from an investor at 3g|p a unit. The margin between the 
prices (i.e. 2jp) would cover their expenses. There is also 
a small deduction, from the annual dividend, for running 
expenses and for the management's profit. 

The dividend received from a unit trust tends to be 
low — sometimes very low. This would appear to be 
because for many people capital appreciation, rather 
than immediate income, is sought. Thus, managements 
often tend to buy investments with good prospects rather 
than good current returns. 

Some examples of units trusts should make the above 
points clear: 

The Ebor Group Gross Yield % 

Capital Accumulator 47p-4Q^p i-8o 
The Scottish Save and Prosper Group 
Scotbits 39JP-42P 2-27 
Jessel Unit Trust Management 
Jessel Capital Growth 2op-3oJp 3-09 
These are only three examples out of many. Each 
management group runs several different classes of unit 
trust. The investor does not necessarily seek the unit 
trust with the highest yield; he would probably be 
unwise to do so. He must decide in what class (e.g. 
capital increase, financial trust, high income, mining and 
metals, property, banking and insurance) he wishes to 
participate. Some investors choose more than one unit 
trust. 

Ex. 9. Thomas has £280 to invest in buying a whole 
number of units in Scottish Save and Prosper's Scot- 
shares, currently quoted at 39D-42P. How many units 
does he get? 

The rate of yield is 3-42%. What is his gross income? 
Thomas will have to pay 42p a share. He therefore 
acquires 

= 666§ shares, i.e. 866 shares are bought. 
The income received is £280 x 2 ^^ $8 96. 



Note that the income is quoted as gross percentage 
yield on outlay on the day concerned. It is not given in 
the press as a percentage dividend. 

^ Exercise 4 

1. Westminster Hambro Trust Managers' Income Trust is 
quoted at 22fp-24p. If Smith sells 740 units, how much 
money will be get? 

2. Ebor Securities Ltd. General Trust is quoted at 
38P-40JP, the yield being 3-35%- Richards invests 
/162 to buy a whole number of units. What will be 
his gross annual income? 

If later, he is obliged to sell his units at the same 
ruling price range shown above, how much will he 
receive? 

3. Clark buys 540 units of Lloyds Bank First Income Trust, 
quoted at 74J-77P and yielding 3-5%. He later sells 
them when the price has risen to 82lp-86Jp. How much 
profit does he make on the transaction? 

During the time when Clark holds the units, what is 
his net annual income, after deducting tax at 42p in the 

9 

4 Stevens sells 10 000 Scotbor Securities Growth Fund, 
" quoted at 420-44P. He reinvests the proceeds in 5-5% 
Treasury Stock (2008-12) at 66. Find how much stock, 
to the nearest £10, he buys. What will be his new gross 
annual income? (Do not forget to allow for brokerage 
on the purchase of Treasury Stock, although it is free 
of stamp duty.) 



COMPUTING MACHINES AND THE 
BINARY SCALE 



1. Calculating Machines 

Calculating machines have been in existence for a con- 
siderable number of years. Simple desk machines were 
made as early as the eighteen-eighties, but it is only 
recently that high-speed electronic machines of great 
efficiency have been devised. To a layman these are still 
a mystery, and they are indeed of very complex con- 
struction. The arithmetic of this chapter will be devoted 
to a particularly important machine, the digital com- 
puter, in which the basic operation is counting. Such a 
machine can perform the operations of addition, sub- 
traction, multiplication and division and many more 
complex processes. Early digital computers were mechan- 
ical, but the latest models are almost entirely electrical. 
Teleprinters are often incorporated in these machines. 

In addition to the digital computer there is another 
type of machine called the analogue machine, or con- 
tinuous operator. This is a mathematical instrument in 
which there is a continuous variation of some physical 
quantity such as an electrical resistance. This is in sharp 
contrast to the basis of the digital computer, wherein 
the steps are of one unit, not of continuity. (A very simple 
example of an analogue machine is the slide rule, in 
which two lengths, representing two numbers to be 
multiplied together, are placed end to end and added. As 
any two numbers will give any two lengths, there is a 
continuous variation possible.) Analogue machines are 
often used for solving differential equations 32 such 
machines sometimes being given the name of "differential 
analysers". Analogue machines are taken to pieces rather 
like a fantastic Meccano set, and reassembled differently 
for each different kind of problem. Digital computers, 
" See Calculus, P. Abbott, Teach Yourseli Books 



on the other hand, once built need not be modified. 
A particular programme fed into a digital machine may 
not require the utilisation of more than a limited part 
of the total access available. As analogue machines 
involve mathematics of a complex nature unsuited to 
a book, on simple arithmetic we shall not consider them 
in further detail. 

A digital computer consists of a vast collection of cir- 
cuits through which electric currents can flow. This flow, 
originally regulated by thermionic valves, is now con- 
trolled by transistors. Difficulties in utilising transistors 
are considerable, as their characteristics vary widely 
when temperature changes are small. If the impulse 
received is sufficiently large a current passes through a 
particular circuit: if not, no current flows in this section 
of the network. This implies the choice of two, and only 
two, possibilities — Yes or No. 

Now this is the same as counting in the scale of two 
(the binary scale), for the only basic numbers which are 
permitted are o (no current) and I (current flowing). 

It is therefore clear that, for such a machine to work, 
it is necessary that a problem to be solved shall be con- 
verted into the binary scale, and the answer at the end 
shall be converted back. Before we actually carry out 
some calculations in the binary scale, it is worth spend- 
ing a few moments considering whether the popular 
name "electronic brains" applied to such machines has 
in fact any justification. 

There is no structural similarity between the nervous 
system and computing machines, but there is a remark- 
able resemblance between a direct nervous impulse and 
the action of a transistor or a relay. In each case there is 
or is not a result, and the magnitude of this result does 
not vary. Computing machines calculate as we do, but 
they are vastly more efficient, for they are very much 
quicker and far more accurate. The elements of the brain 
are to some extent independent of one another, so in fact 
are the circuits of an electronic machine. The machine 
can store information fed into it and reissue that infor- 
mation as required- -this is a kind of memory. There is 
little Likelihood of devising machines of such complexity 



as the brain, which has some io 10 cells, whereas the 
biggest digital computers only have, perhaps, io 5 
separate circuits. 

2. Binary Scale 

When we use the scale of ton (the denary scale) we 
count from o to 9, but when we reach ten, we put a one 
in the tens column thus, 10, and start again 10, n . . . 99. 
When we reach one hundred, which is ten times ten, we 
put a one in the hundreds column thus, 100, and carry 
on 100, 101, 102. ... As already explained in Chapter 2, 



Similarly 2030 = 2 x io 3 + o x io 2 + 3 x 10 + 0. 
Now the binary scale is obtained in exactly the same 
way. A number is expressed as powers of 2. Consider the 
number 43 of the ordinary decimal (denary) scale. Now 

.\ In the binary scale 43 is 101011, for every time we reach 
2 we proceed to the next column (e.g. 3 = 1x2 + 1, 
so in the binary scale it becomes n). 

We do hot read a number 101011 in the binary scale 
as "one hundred and one thousand and eleven". As no 
separate nomenclature has been given to this scale of 
numbers, we say in words that the number 101011 is 
"one nought one nought one one". 

How then do we calculate these strange new num- 
bers? It is really very simple. We merely divide by 2 
repeatedly, thus: 



the number 5278 is really 




10 + 7x10 + 8, 
9 + 7 x 10 + 8. 



2)43 

2)21 + 1 



The answer is read round the edge 
as 101011. 



2)10 + 1 

2)_5 + 0 

2M + I 




The number of digits in a number expressed in the 
binary scale is about three times as many as that in the 



denary scale. This does not imply any difficulty of 
manipulation. In fact, nothing could be easier than the 
addition and multiplication tables. They arc completely 
expressed as follows: 
Addition Table 

0 + o-o (nought) 

1 + 0 = 1 (one) 

I + I = 10 (one nought) 
Multiplication Table 

oxo = o (nought) 

1x0 = 0 (nought) 

ixi = i (one) 
The immediate reaction might well be that there would 
be a great welcome in junior schools for such a system 
which would save so much of the grind of simple arith- 
metic. Perusal of the following examples may lead to a 
modification of that first impression. 

We shall now apply our new system to the "four 
rules" of arithmetic. 

Ex. 1. Add together 17, 6 and 23 in the binary scale. 



3 + o { 



46 (decimal) 
Notes («) In the binary scale 1 



101110 (binary) 
= 0 and carry 1. 
= 1 and carry 1. 
To convert back to the denary scale, when necessary, 
is merely to reverse the reasoning: 
101110= I X2 5 + 0X2 4 + IX2 3 + IX2 2 + IX 2 + 0 
= 32+0 + 8 + 4+ 2+0 
= 46. 



i. 2. Multiply 23 by 48 in the binary scale. 



10001010000 

Notice that, had we reversed the order of multiplies 
'.ion, much labour could have been saved by filling in th 



= 2 10 + 2 6 + 2* 
= 1024 + 64 + 16 
= 1104. 

Ex. 3. Multiply 243 by 47 in the binary scale. 

This example is given to illustrate the magnitude of 
the task when large numbers are manipulated. It also 
points out the method of handling larger carrying figures. 



10110010011101 



Checking back the result: 



8192 



U421 

It is now clear why the system, fundamentally so 
simple, is only really suitable for accurate high-speed 
calculating machines. The multiplication of two five- 
figure numbers in the denary scale is likely to become 
fifteen rows of fifteen-figure numbers in the binary scale, 
involving an answer of some thirty digits. 

It might be noticed in passing that the carrying figures 
placed underneath the appropriate columns in the above 
example are in the denary notation. We can use this 
(although it will not be written hereafter in this chapter) 
if we are careful to divide by 2, thus: 

i-(-i + i + i + i = i and carry 2 (i.e. two ones) to 

Wc end, in the last column, with 

1 + 1 = 0, and carry 1 

= 10 (one-nought). 
Ex. 4. Divide 2077 by 31 in the binary scale. 

1000011 



Converting the answer back to the denary scale 



: the following binary i 



W 4758- 



(a) no (6) ii (e) ioioi (d) iooho («) mooion. 

3. Add together the following numbers after first con- 
verting them to the binary scale. Give the answers in 

(i) binary scale, (ii) denary scale. 

(a) 6 + 19 + 8 (6) 21+43 + 7 

(c) 103 + 68 + 274 (<*) 3024 + 953 + 67 + 118. 

4. Subtract 214 from 316 in the binary scale, giving the 

5. Add the following binary numbers, and afterwards 
Convert the result to denary form: 1101, 11001, 100101, 

6. Evaluate the binary number sum 

7. Multiply the following numbers after converting them 
to binary form. Give the answers in (i) binary scale, 

(ii) denary scale. 

(a) 23 x 9 (6) 68 x 27 (c) 104 x 35 
(i) 214 x 6 x 7 («) i°9 X 31 X 14. 

8. Divide 2173 by 18 in the binary scale. Give the answer 
in the scale of two, and then convert it to the scale of ten. 

9. Divide 11011101 by 10011, both numbers being in the 
N binary scale. Give the result in (i) binary form, (ii) 

denary form. 

The future of computing machines is a great one. 
Problems which involve prodigious quantities of arith- 
metic, involving possibly years of work by a man, can 
be done by machines of this kind in a few minutes. 

Those who would like to gain further understanding of 
the arithmetic and logic of computers may wish to 
continue by reading New Mathematics (in the Teach 
Yourself Books Series), by the present author. The book 
follows on naturally from Arithmetic (Decimalized and 
Metricated)." 

25 Teach Yourself Books— Ne«> Mathematics, Chapter 4, 
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ANSWERS 



Exercise i PW 
i. 43 2. 42 3- («> 37° (») 2415 M 13 539 

4- £97. ^96. ^104. £96. ^8i, £114; total wages bill £588 



(rf) 114948 
(*) 38 617 (<*) 944 672 



id) 733824 
W 4178. rem 
(i) i5nSrV 



)• 55 380 14- 45 years 15- 5*9 me 

5. 117 rows (including one incomplete row cc 
cabbages) 

7 . 2304 18. 8784 (366 day 



ARITHMETIC 

20. 63 kilometres 21. 86 4c 

is (1732-17*3) X 27 = 9 X 27 = 243 



) 2 (6) 2, 3, 6 (c) 2, 3, 5. 6 (i) 2, 3, 4. 5. 6 W 
.) Divisible by both (b) Divisible by both 

) Divisible by 9 but not by 8 



>) 43 V>) 7i (P) 35* M 33»H 



(6) 8 (e) 22 (d) 36 

(6) 24 (c) 108 (<J) 4840 

(/) 252 (g) 560 



= 1200 cm; H.C.F. o 
es are 25 cm 1^2501 
j. L.C.M. of 1, 2, 3 ■ ■ 



2. f 
5- 35i 



(/) 00004 fel 85-076 

(6) 10 + 4 + -h + ihs W 2 

W -rfs + rtVr (/) " 



(ij 5-04 W 2023 (*) 22264 W 00053 

. («) 3'4 V>) 1-45 W o-325 M ° ooo8 

(«) 0T92 W I--4 (ff) o-.93 <*> 55 

(i) 5400 0) 180 (A) 0-003652 (/) 28-3 

;. (a) 93-86 (6) 0-2856 (c) 27-8064 (rf) 11-22 

(«) 2500 (/) 507 (?) 3599-8 (*) 17-60 (i) M-23 

;. («) 0-89 (6) 0 073 («) 1-39 W 22-0 

(«) 0-0084 CO 22-470 

xercise 4 ^S" 48 

:. (a) o-fi (6) 0 625 W 0-6364 (<0 0-2222 

(«) 0-3889 (/) 0-5294 

1. <<■) ft (6) Ht W lift M tM* W 7» 



( . (») (=0-04) (6) 54 



; le) 0-07 m (/) o- 3 8 m 



(b) 1450000! 

(e) o-os m* 

(*) o-75 m* . 

(A) 008246 m 



(5) 254 8oo cm' (or 254-8 dm 3 ) 
3. o- 454 kg 5- 176 P^t 

1360 bricks 
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4- 

8. £3-88$ 



3. £1412-20 14. £24-65 15. 27 s 
5. & 17. 53 torches; 3o$p 

}. £2-6 7 i 20. £628-32 



ANSWERS 



(*) 33*P (e) 2*p 

(/) 82 Jp (s) 6 3P 

0) £7-«* (*) &°*°3* 
(n) £19 (or £9-00) 

(„)iod W3S4d 

(/)5S.iod te)ns2d 

0) 19s 5d (*) T 4 S iod 



1. £2o,-£i6-66i, £10. £}'33i (nearest Jp) 

2. £100 each man; £75 each woman 

3- £3°, £45. £M 4- The first 

5. I7imin 6. 17:9; ^76-50 

Exercise 4 85 
1. £632 2. (a) 49:186 (4) 0-143:1 (c) 34P 

3. 36 min 4. 36-3 approx. 5. 67-6 fcm/h 

6. 30 runs 7. 23 405; 52 662 



(c) 66J% 

If) 0-429% (approx.) 

to 1-075 , 
(/) 0-0343 



Exercise 2 

1. (a) ^4-80 

2. (a) I2l% profit 



(6) £435 
(6) 25% lo 
(6) ^4 



j. /8400; advertising costs e 
1. Median is 1-3 children per family 3. 169 cr 



outweight resultant 



3m; io-8 m; 12-78 raj 85-77 km; 1 
2 decimal places) 



c. (a) -36 cm' (6) 3 6i cm' (c) 8 5 J cm" 
:. 187-5 cm'; 1:3 3. 77-4 m a ; 258 turves; £7-74 

i. 97-5 m 8 ; 8-97, i.e. 9 pieces required, but this allows nothing for 
pattern matching; 4-92 and 4-05, i.e. 10 pieces, assuming 
perfection in hanging 5. 2-08 m' (2 dec. pi.) 

5. 3-40 m 2 (the error, 0-0002, is negligible in area and in cost); 



1. 50-4 tonnes 

5. 7180 cm 3 ; tt 

the external measurements of the box, the cc 

55 p (nearest ip) 6. 

4. 446 litres (nearest litre) 5. 2584 bricks 

1. 73 2. 962 3- 3016 

9. 0-6301 10. 0-2417 II. 0-086 95 I: 

Exercise 6 

1. (a) 29 (6) 12 (c) 60 (<Q 53 

2. 65 _ 3- 7'6l6 4- 19-26 

6. 104-6 7- 1122 8 - l6- 5 2 cm 

10. 2-8 m; 8-54 m* II. £^3» I 



ARITHMETIC 



■9955 (o) 3-7364 
7 = 0-57, log 8-3 = o-< 
= log 3-9. 0-20 = log 1 



3. 888-8 
7- 3-930 

15- 1406 



(f>) 2-7993 W 4-338I (i) 4-9789 




754 cm- < c )22- 4 m» 
133 cm 1 (e) 28-1 m» 

4-52 m» 5- 7850 tonn 

ai (Note that 31 cancels out.) 



5- £iT^ 
9- 8i% 
13. £2-05 



Exercise 2 
1. &48-56 
5. £2720 (ne, 



'• (») 36p (6) £25-41 
3. £1122-45 4- £&°°-°3 



2- 57P 3- 65-47P 4. £121 600 

pagei 

2. £421-99 3- £110-82 4. £577-09 



I. £2500 stock; £87-50 2. 7-8i%; &»-*S 

3. The latter; but only justl 4. £685; £30; 4-38% 

5. 46op; without further information available, three p 
bilities come to mind: either capital appreciation or b< 

earnings (or a combination of these) 

6. I2i% 7- £5056; 8- I390 
9- 30-4%;^<>7-8o 

Exercise 2 p"ge 



3- £85-05 

page 205 
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multiplication, 69 



Right-angled triangle. 

Simple interest, 166 
formula, 166 



Stamp duty, 196 
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profit, 88 
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ARITHMETIC 

A basic course in arithmetic, fully decimalised and 
metricated, this book has been designed to give the 
reader a practical working knowledge of the subject. 

Progressing from the elementary processes, the 
basic aspects of arithmetic are comprehensively 
covered, with detailed adviceasto how, for example, 
percentages, simple and compound interest, 
arithmetical graphs and statistics can be of practical 
helptosuch problems as IncomeTax, ratesand 
investment. Throughout the book, numerous working 
examples are given in orderto explain fully the 
arithmetical processes involved. 

A practical course which will constantly maintain the 
reader's interest and prove invaluable in improving 
his basic arithmetic. 



UNITED KINGDOM 50p 




